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On the 72-boundedness for the two phase problem 
with phase transition: 
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Abstract 

In this paper, we prove the maximal L p -L q regularity of the compressible and incompressible two 
phase flow with phase transition in the model problem case with the help of 7^-bounded solution 
operators corresponding to generalized resolvent problem. The problem arises from the mathematical 
study of the motion of two-phase flows having gaseous phase and liquid phase separated by a sharp 
interface with phase transition. Using the result obtained in this paper, in m we proved the local 
well-posedness of free boundary problem for the compressible and incompressible two phase flow 
separated by sharp interface with phase transition. 
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1 Introduction 

In this paper, we prove the maximal L p -L q regularity of the compressible and incompressible two phase 
flow with phase transition in the model problem case with the help of 7?.-bounded solution operators 
corresponding to generalized resolvent problem. The problem arises from the mathematical study of the 
motion of two-phase flows having gaseous phase and liquid phase separated by a sharp interface with phase 
transition, which is formulated as follows: Let R w be the N dimensional Euclidean space. Let be a 
domain in W. N with boundary T, which is occupied by the liquid. Set = R w — fU, where f!_ stands 
for the closure of domain f2_, which is occupied by the gas. Let <p = tp(£, t) = (ip i(£, t ),..., <pn(!;, t )) be 
a function defined on for each t G (0, T), £ = (£ 1 ,..., £jv) being the reference coordinate system. We 
assume that the correspondence: £ —> (p(£,t) is one to one map from R w onto itself for each t € (0,T). 
Set (d t (p)(£,t) = v(x,t) with x = <p(£,t), 

n±(t) = {x = ip(£,t) | £ g n±}, v(t) = {x = <p(£,t) |£ g r}. 

Let nr(t) be the unit outer normal to T(t) pointed from to Q+(t). For any Xq G T(f), we set 

[MK^o) = lim v(x) — lim v(x ) (the jump of v accross r(f)) 

X ~*XQ X—*XQ 

x££2_(t) x£C7_i_(t) 

for any v defined on f l(t) = fl+(t) U f l~(t). In the sequel, we write v± = w|n ± (t). Moreover, given v± 
dehned on f l±(t), we define v by v{x) = v±(x) for x G f2±(i). 

Let u : f l(t ) —> R n be the velocity fields, p : £l(t) —>• (0, oo) the mass field, 7r : £t(t) —> R. the pressure 
field , T : Cl(t) -4- R w the stress tensor field, 6 : Cl(t) —I (0, oo) the thermal fields, '0 : f2(t) R the 
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free energy, 77 : Cl(t) —»• R the entropy, Hr the mean curvature of T(t), k the specific heat, d the thermal 
conductivity and j the phase flux. 

We assume that p + / p_. Then, the motion of two-phase flows having gaseous phase and liquid 
phase separated by a sharp interface with phase transition is described as follows: 


p+(<9 t u + + u + • Vu + ) - Div T + = 0, d t p+ + div (p+u + ) = 0, 

p + n + (d t 0+ + u + • V0+) — div (d+V0+) — T + : Vu + — — divu + = 0 

P 

j p*_(<9 t u_ + • Vu_) — Div = 0, div u_ = 0, 

1 p*_K_(0 t 0_ + u_ • V0_) - div (d_V0_) - T : Vu_ = 0 


for x £ fi+(t), t > 0 , 

( 1 . 1 ) 


for x £ fi_(f), t > 0 


subject to the interface conditions: for x £ T(£) and t > 0, 

' 1 

[[-]]j 2 n r - [[Tn r(t) ]] = — o--ffrnr(t), [[u - (u • n r(t) )n r(t) ]] = 0, 

j[N]-[[d(V0)-n r(t) ]]=O, [[*]]= 0, 

M] + - [[p n r(t) ■ Tn r(t) ]] =0, v • n r(t) = » 

_ [Ml ■ n r(t) 

J M] ’ 

and the initial conditions: 

(p+i u +j 0+)|t=o = ( P*+ + Po+> u o+, 9* + $o+) i n H+! 

(u_,0_)|t=o = (u Q+ ,0* + 0 O+ ) in S2_, h\ t =o = h 0 on T. 


( 1 . 2 ) 


(1.3) 


Here, p*±, 6* and cr are positive constants describing the reference mass densities of f l±, the reference 
temperature of both f 1± and the coefficient of the surface tension, respectively. Moreover, T± = S± — n±I 
with 


s+ = s+(u+, p+, e+)) = p+ D(u+) + (v+ - M+)div ul, 

S_ = S_(u_, 0_) = p_ D(u_); 

for any scalor field 9 we set V0 = (d\9 ,..., <9^0), where dj = djdxp for any vector field u = (iq,... ,un) 
Vu is the N x N matrix whose ( i,j ) component is diUj , D(u) the deformation tensor whose (j,k) 
components are Djk( u) = |(djUk + dkUj) and divu = Eyli ^ 3 u .i■■ an( l 1 is th e N x N identity matrix. 
Finally, for any matrix field K with components Kjj , the quantity Div K is an iV-vector with i-component 
Ef=i Wh and K : Vu = £" =1 

We assume that d , p, 1 /+, K,ij) and 77 are given as follows: = d+(p, 9 ), p+ = p+{p, 9), v + = v+(p, 9 ), 

k + = K+(p, 9) are positive C°° functions with respect to (p, 9) £ (0, 00 ) x (0, 00 ), and t/> + = tp+(9, p) and 
77 + = 77 +{9,p) are real valued C°° functions with respect to (p,0) £ (0, 00 ) x (0, 00 ), while d- = d-{9 ), 
P- = p~{9), K- = k-(9) are positive C°° functions with respect to 9 £ (0,oo), and t/>_ = tp~{9) and 
? 7 _ = 77 -(9) are real valued C°° functions with respect to 9 £ (0, 00 ). And also, we assume that 7r + is 
given by 7 r + = P + (p,0), where P + is a C°° function with respect to (p,0) £ (0, 00 ) x (0, 00 ) such that 
BP 

g + > 0 for any (p, 9) £ (0, 00 ) x (0, 00 ). 

Since we prove the local well-posedness of problem ED, EH and ED with the help of the maximal 
L p -L q regularity results for the linearized equations, representing p + by the integration of the equation: 
9tp-|_ + div (p + u + ) = 0 along the characteristic curve generated by u + we eliminate p+ from the equations 
in f2 + (t) and T(t) 0- so that we have the nonlinear parabolic equations. After this procedure, as the 
linearized problem we have the following two problems as model problems: In the sequel, for any xo £ 
we define /|±(a;o) by 

f\±{xo)= Jim f(x), 

rr£K^ 

1 The idea follows from Tani IT6[ . 
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where we have set 


R± = {x = (xi ,..., xn) £ R w | ±xn > 0}, R^ = {a; £ R w | xn = 0}. 

One is the interface problem for the Stokes system: 

p*+d t u + — Div S* + (u + ) = f + in R+ x (0, T) 

p*~d t u_ — DivS*_(u_) + V7r_ = f_, divu_ = / div = divf d i v in R^ x (0,T) (1.4) 

subject to the interface condition: for x £ Rq and t £ (0 ,T) 
p*-Di at(u_)|_ - p t +D iN (u+)\ + = gi = 

{p*-D N at(u_) - 7 r_)|_ - (p*+D NN (u+) + (z/*+ - ^*+)divu + )| + - aA'H = g N , 

-^—(p*-D N at(u_) - 7 r_)|_ -— (p,*+D NN (u+) + (i/»+ - /r* + )divu + )| + = g N + 1 , /, rx 

p*~ p*+ l 1 - 0 ! 

u-i\-- u +i \ + = hi (i = 1,... ,N - 1), 
d t H - ( -—- u- N -—- u+ jv) = d, 

and the initial condition: 

u±|t=o = u 0 ± inR±, H\t= 0 = H 0 in R w , (1.6) 

where we have set u± = {u ±\,..., u±n), P*+ = p(p*+,9 t ), v*+ = v+{p*+,9*), p*- = p-(9*), A 'H = 
E^i 1 dj-ff, S*+(u+) = ^*+D(u) + (!✓*+ - /i*+)d ivu + I, and 5*_(u_) = /r*_D(u_). 

And, another is the interface problem for the heat equations: 

p*+K*+d t 9+ - d*+ A8 + = f+ in R^ x (0,T), 
p*-K*-d t 6- — d*_ A#_ = /_ in R^ x (0, T), 

subject to the interface condition: for x £ R^ and t £ (0,T) 

9-1- -9+1+ = 0, d*+d N 9-\- - d*+d N 0+\+ = g, 

and the initial condition: 

9±\t=o = 9 0 ± onRf, 

where we have set d*+ = d(p*+,6*), k*+ = n(p*+,9*), d*_ = d-(9*) and re*_ = k_( 0»). Note that the 
interface condition m is equivalent to the following interface condition: 

/x*_Ajv( u_)|_ - p,*+D iN ( u+)|+ = g t (i = 1,..., N - 1), 

(p*-D NN (u-) - 7T —)|_ =-—- {aA'H + g N - p*+gN+i), 

P *— P* + 

(yU* + L>ATjv(u + ) + (i/»+ - yLt* + )divu + )| + = -—- {aA'H + g N - p Sf -g N+1 ), (1.10) 

P*— P*-\- 

U-i\- - u+i\+ = hi (i = 1,..., N - 1), 

d t H - ( -—- u- N - — -m+at) = d 

V/?*_ — p*+ p *_ — p*+ ' 

The purpose of this paper is to prove the following theorem about the maximal L n -L n regularity for 

problem O • (USD, DH3' • 

Theorem 1.1. Let 1 < p,q < oo and 0 < T < oo. Assume that p *_ ^ p*+. Then, given right-hand 
sides of 111.41) and (11.51) 

f+£L p ((0,T),L q (R%) N ), / div GL p ((0,T),lT 9 1 (R(!))nlT p 1 ((0,T),lT- 1 (R(!)) 

fdiv € W p ((0, T), L g (R^) Ar ), g i £L p {{0,T),W^{R N ))nW^{{0,T),W q - 1 {R N )) (* = 1, • • -, N + 1), 

h 3 £ L p ((0,T), Wg(R N )) n W p 1 ((0,T),L p (R JV )) (j = 1 ,..., TV - 1), d £ L p ((0,T),W*(R N )), 


(1.7) 

( 1 . 8 ) 
(1.9) 
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and initial data Uq± G B , 


2 ( 1-1 /p), 


(NL±) n and Hq G B q , p 1//p (R^) satisfying the compatibility conditions: 


div u 0 _ = /_| t=0 , u 0 _ = f div |t=o in R^, 

/i*_Aiv(uo-)|- - m*+Ajv(u 0 +)|+ = gi\ t =o (i = 1,... ,N - 1) on R 
(h*+D n at(u 0+ ) + (i/*+ - /x* + )divu 0+ )|+ 

=-—- {crA'H 0 +5w|t=o ~ P*-9N+i\t=o) on , 

P* — P* + 

w 0 —i|_ - u 0 +i|+ = /ii|t=o (i = 1 ) onRg. 

then, problem clid. m, EH admits unique solutions u±, 7r_ and H with 

U± G L p (( 0 , T), W 2 ^)^) n W^(( 0 , T), L 9 (R£)*), 
tt G L p (( 0 ,T), W^(R^)), 

H G i P (( 0 ,T), Wg (R^)) n Wp (( 0 , T), Wg (R^)) 


( 1 . 11 ) 


possessing the estimates: I P:q (u±, 7 r_, H)(t) < Ce 7 *F Pjg (f) /or anj/1 G (0, T) with some positive constants 
C and 7 independent of t and T, where we have set 


l Pt q(u ± ,TT-,H)(t) 

~ ll u +llLp((0,t),W2(R^)) + ll^t u +II.L,,((0,i),.L 9 (R£)) + H U -llLp((0,t),W r 9 2 (R")) + ll^t u - llL p ((0,t),L 9 (R^)) 

+ || V7T_ ||ip((0,t),i <J (R^f)) + H-^llLp((0,t),H^|(R w )) + ll^t-^llLp((0,t),W r |(R iv )) 5 

^ p,q{t ) 

= {X]^ UM lls? ( p 1_1/p) (Rf) + ll^llip((0,t),L <! (Rf))) + 11 fdiv llz, p ((0,i),W, J 1 (R*)) + ll^i/div llL p ((0,t),W g - 1 (R^)) 
t=± 

JV+1 

+ 11 f di v |Il p ((0,T),L 9 (R^)) + EOMUufCMbWKR^)) + ll 9 t5i|li p ((o,t).W ( ,- 1 (R iv ))) 

i=l 

N-l 

+ E (II^J l|i-„((0,t),W=(R JV ')) + H'5tMUp((0,i),L< I (R N ))) + IMIUp((0,t),W 2 (R JV ))}- 

j=l 

Remark 1.2. The maximal L p -L q regularity theorem for problem E3), EH and m seems to be 
known and employing the similar argumentation to that in the proof of Theorem 11.11 given in the sequel 
we can prove it too, so that we do not consider problem GZD, m and m in this paper. 

Remark 1.3. (1) The mathematical study of the compressible and incompressible two phase problem 
is quite rare as far as the author knows. First Denisova [1] studied the evolution of the compressible and 
incompressible two phase flow with sharp interface without phase transition under some restriction on the 
viscosity coefficients. Recently, Kubo, Shibata and Soga (5] studied the same problem as in [T| without 
surface tension and phase transition and proved the maximal L p -L q regularity under the assumption that 
viscosity coefficients are positive constants. The derivation and the local well-posedness of problem EH), 
Ea and E3 are treated in Shibata [10] and all the results of this paper and in [10] were announced in 
the abstract of 39 th Sapporo symposium on PDE at Hokkaido University (cf. [11]). The incompressible 
and incompressible two phase problem with phase transition was studied by J. Priiss, et al. El El El- 

Notation Here, we summarize our symbols used throughout the paper. N, R and C denote the 
sets of all natural numbers, real numbers and complex numbers, respectively. We set No = N U {0}. 
For any multi-index tt = (tt i, ..., kn) G N(/, we write |k| = tti + ■ ■ ■ + kn and df = df 1 ■ ■ ■ dff with 
x = (xi,..., Xn ) and dj = d/dxj. For any scalar function / and IV-vector of functions g = (< 71 ,..., gjv), 
we set 


V/ = (di/,...,djv/), Vg = (digj \i,j = 1,..., N), 

V 2 / = (3“/ I \ a = 2), V 2 g = (c> Q ffj | |a| = 2 ,* = 1 ,...,JV). 
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We use bold small letters to denote 7V-vector or IV-vector valued functions and bold capital letters to 
denote N x N matrix or N x IV matrix valued functions, respectively. For any domain D and 1 < q < oo, 
L q (D), W™(D) and B q (D) denote the standard Lebesgue space, Sobolev space and Besov space, 
while || • || L q (D)i II ' || w™(D) and || • ||b| p (d) denote their norms, respectively. We set W q (D) = L q {D). 
W q (D) is a homogeneous space defined by W q (D) = {/ G L q ^ oc (D) | V/ G L q (D)}. W / " 1 (R JV ) 
denotes the usual Bessel potential space of order —1 on and = {/ G Li,i 0 c(R±) | / = 

g in R± for some g G W~ l (R w )}. For any Banach space X with norm || • ||_y and 1 < p < oo, L p ((a, b), X) 
and W'” 1 '((a, b), X) denote the usual Lebesgue space and Sobolev space of A-valued functions defined 
on an interval (a, b), while || • || L p ((a,b),x) and || ■ || w™((a,b),x) denote their norms, respectively. For any 

7 G R we set ||e 7t /|U p ((a,6),;>r) = (/a (e 7t ||/(t)||x) p dtj . The d-product space of X is defined by 

X d = {/ = (/,..., fd) | fi G X (i = 1,..., d)}, while its norm is denoted by || • ||x instead of || ■ ||_y<j for 
the sake of simplicity. For any two Banach spaces X and Y, C(X, Y ) denotes the set of all bounded linear 
operators from X into Y. Hol(f/, X) denotes the set of all X- valued holomorphic functions defined on U. 
For a = (ai,..., a^v) and b = (&i,..., &^v) G M w , we set a b =< a, b >= £T =1 a jbj- For scalar functions 
/, g and N -vectors of functions f, g, we set (/, g)o = f D f{x)g(x) dx and (f, g)u = f D f(x)-g(x) dx. The 
letter C denotes generic constants and the constant C a ,b,--- depends on a, 6, • ■ •. The values of constants 
C and C a ,b ,■■■ may change from line to line. 

The paper is organized as follows. In Sect.2, we state the main results for the 1Z bounded solution 
operators to the corresponding resolvent problem to time dependent problem (11.41) . (11.101) and USD- 
From Sect.3 through Sect.5, we consider the problem without surface tension. In Sect.3, we give an 
exact solution formulas to the resolvent problem. In Sect.4, we give some estimates for the multipliers 
appearing in the solution formula. In Sect.5 we analyze the Lopatinski determinant In Sect.6, we prove 
the main result for the 1Z bounded solution operators. In Sect.7, using the 1Z bounded solution operator, 
we prove Theorem ll.il 


2 Main results for the 7Z bounded solution operators 

In the sequel, for notational simplicity p*±, /x*± and v* + are denoted by p±, /i± and respectively. 
And, S±(u±) are redefined by 


S+(u+) = /r+D(u+) + (v+ — /i+)div u+I, S_(u_) = a*-D(u_). 


To prove Theorem ll.il we consider the following generalized resolvent problem: 


p + Au + — Div S + (u + ) = f + 

p_Au_ — DivS_(u_) + V7r_ = f_, divu_ = /_ = divf_ 

/^ —D m jv(U—) | _ /T-fD m 7v (^+) |+ = 9rm 

{p~D NN ( u_) — 7r_) | _ = ——- A'H + g N , 

p- - p+ 

(g + 'D NN (u + ) + ( v + - /x + )divu+)| + = P+a A'H + g N+1 , 

P- ~P+ 


m|— ^+m|+ — 


A H - (— -u_jv|- -——u +iV | + ) = d, 

K P-~P+ P-~P+ J 


in R^, 
in R^, 


( 2 . 1 ) 


which is corresponding to the time dependent problem ( 11 . 41 ) . ( 11 . 101 ) and ( 11 . 61 ) . Here and in the sequel, 
m runs from 1 through IV — 1. 

Before stating the main result of this section, we first introduce the definition of 7?.-boundedness. 

Definition 2.1. A family of operators T C C(X,Y) is called 7?.-bounded on jC(X, Y), if there exist 
constants C > 0 and p G [l,oo) such that for any n G N, (Tj}" =1 C T, { f j }” =1 C X and sequences 
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{ r j ( u ) }j=i °f independent, symmetric, {—1, l}-valued random variables on [0,1] there holds the inequal¬ 


ity: 



The smallest such G is called 711-bound of T, which is denoted by TZc{x,y){T). Here and in the following, 
C(X, Y) denotes the set of all bounded linear operators from X into Y. 

The following theorem is a main result for problem dm 

Theorem 2.2. Let 1 < q < oo and 0 < e < 7 t/2. Set 



Then, there exist a constant Ao > 0 and operator families Al±(A) G Hol(£ £jAo , c{x q ,w2&Z) N )), v _ g 
H ol(E £iAo , £(X q , W^(R^))), and 77(A) G Hol(E £)Ao , C{X q , W q (M. N ))) such that for any A G E £iAo and 
F = (f+, f_, / div , fdiv , g, h, d) G X q , u ± = A ± (X)F x , tt_ = 7>_(A)F a and H = 77(A)F a are unique 
solutions of problem ei and we have 



with some constant c. Here, G^.4±(A) = (AAl±(A), A 1 / 2 VAl±(A). V 2 Al±(A)), G|77(A) = (A77(A), V77(A)) ; 
and F a = (F+, F_, A 1 / 2 /^, V/ div , Af div , A 1 / 2 g, Vg, Ah, A^Vh, V 2 h, d). 

Remark 2.3. F±, F_ 2 , F_ 3 , F_ d , F\, F 2 , F 3 , F 4 , F 5 and F e are corresponding variables to f±, A 1//2 / d i v , 
V/ d iv , Af d iv , A : / 2 g, Vg, Ah, A x / 2 Vh, V 2 h and d, respectively. 

To prove Theorem l2.2l as auxiliary problem, we consider the following two equations. 

|p+Au+ -DivS+(u+) = f + inR+, 

|/x + D m jv(u + )| + = 0, (p + D NN (u + ) + (u + - /r+)divu+)| + = g N +i 


and 


p_Au_ — Div S_(u_) + V7r_ = f_, div u = /_ = div f in 
M-D m Ar(u_)|_ = g m , (p-D NN (u_) - 7r_)|_ = g N . 


(2.3) 


The existence of 1Z bounded solution operators of (El and El were proved in Shibata i.Oj (cf also M) 
and Gotz and Shibata pjj, respectively. In fact, we know the following two theorems. 



6 


Then, there exist an operator family Al+i(A) G Ho1(£ £j a 0 i L(y q +, 1V 2 (R +) N )) such that for any A G S £j a 0 
and (f+^iv+i) G F q +, u_)_ = ,A+i(A)(f+, \ 1 L 2 g N+1 ^ V^at+i) is a unique solution of problem (12.21) and we 
have 

'^'C(y q j r ,L q { R^)jv+w 2 +jv 3 )({(' r 5 r ) G a AI + i(A) | A G £e,A 0 }) G c (£ = 0,1) 
with some constant c. 

Remark 2.5. F + i and F + 2 are corresponding variables to A 1 ' 2 gN+i and Vgjv+i, respectively. 

Theorem 2.6 ([!]). Let 1 < q < oo and 0 < e < tt/ 2. Set 

Y q _ ={(f_,/ div ,f div ,g) |f_,f div GL,(K?), /div G^(I S ), g=( ffl ,...,^)GlT g 1 (R Ar ) iV } ; 

= {F = (F_]_,F_ 2 , F_ 3 .,F_ 4 ,F_i,F_ 2 ) | F_! G T g (M^) JV , 

F—2 G F 9 (R^),F_3,F_4 G L,(R*)*, F_i G L q (R N ) N , F_ 2 g I 9 (R w ) ff2 }. 

Then, there exist operator families *4_i(A) and F_i(A) with 

A-i(X) eHo\(Z e ,C(y q -,wZ(?L») N )), F_i(A) GHol(S e ,£(^_,W 9 1 (R^))) 

such that for any A G E e and F = (f_, /d; v , fdiv , g) G Y q ~, u_ = _4,_i(A)Fa and 7r_ = F_i(A)F a are 
unique solutions of problem (EH) and we have 

'^'C(y q -,L q (R^) N + N2 +N3)({(Td T YG\A-i(X) | A G £ e }) < c (£ = 0,1), 

^£(y 9 _,L, (R -)-)({(^)'VF_ 1 (A) | A G £J) < c (l = 0,1) 

with some constant c. Here, Fa = (f_, A 1 / 2 /di v , V/di v , Afdiv , A^g, Vg). 

Remark 2.7. F_i and F _ 2 are corresponding variables to A x / 2 g and Vg, respectively. 

Thus, it is sufficient to consider problem (12.11) with f± = 0, /di v = 0, fdi v = 0 and g-j = 0 for 
j = l,...,iV + l. Finally, we consider one more auxiliary problem: 

p+Au + — DivS + (u + ) = 0 in R+, 

p_Au_ — DivS_(u_) + V7r_ = 0, divu_=0 in R^, 

M-Hmiv(U-)!- /T-(-D m A/'j_(_ — 0, 

(p-D NN {VL-) ~ 7T_)|_ = 0, 

(n + B NN (u+) + ( v + - /i + )divu+)|+ = 0, 

U—m\— ^+m| + = h m ,, (2.4) 

From Sect.3 through Sect.5, we prove the following theorem. 

Theorem 2.8. Let 1 < q < 00 and 0 < e < tt/ 2. Set 
Z q = { h = (hi,..., h N - 1 ) G ^(R*)^ 1 }, 

Z 9 = {F= (F 3 ,F 4 ,F 5 ) I F 3 G L q (R N ) N ~\ F 4 G L q (R N )^ N ~^ N ,F 5 G L q {R n )^ n ~^ n2 }. 

Then, there exist operator families *4±2(A) and F_ 2 (A) with 

A ±2 (X) G Hol(E e T(Z„ W 2 (R^) N )), F_ 2 (A) G Hol(E e , C(Z q , W}(JL*))) 

such that for any A G E e and (h ,H) G Z q , uj- = -4±2(A)Ha and 7 r_ = F_ 2 (A)H a are unique solutions 
of problem EH and we have 

'R'C(z q ,L q (s.™) N + N2 +N 3 )({( T dT) e G\A± 2 {\) | A G £ e }) < c (£ = 0,1), 
Kc {Zq ,L q (w»)"MTd T yvV- 2 (A) I A G S e , Ao }) < c (£ = 0,1) 
with some constant c. Here, Ha = (Ah, A 1 / 2 Vh, V 2 h). 
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3 Solution formulas for problem (12.41) 


In this section, we consider the following equations: 

p+Au + — Div S + (u + ) =0 in R+ , 

p_Au_ — Div S_(u_) + V7r_ = 0, divu_=0 in R^, 

P— (U— ) | — (ll_[_ ) j_[_ — 0, 

(ii-D N js t(u_) - 7T_)|_ = cr_A 'H, 

(p+T) NN ( u+) + ( v+ - p+)div u+)|+ = a+A'H, 

U—m\— / a+m|+ = (3.1) 

where, we have added a±A'H with a± = p Pi L p+ t° (EH for the latter use. Let v = T x \ w](^',a:jv) 
denote the partial Fourier transform with respect to the tangential variable x' — (aq,..., xjv-i) with 
= (£i,... ,^jv-i) defined by .F x /[w] (£', x n) = / K w_i e _ “ ? v(x',Xn) dx' . Using the formulas: 

Div S + (u + ) = p+ Au + + i/ + Vdiv u + , Div S_ (u_) = /i_Au_ 


and applying the partial Fourier transform to (EH, we transfer problem EH to the ordinary differential 
equations: 


p+Xu+j + p+W\ 2 u+ - p+D%u +j - v + i£j(i€' ■ u’ + + D n u+n) = 0 
p + Xu +N + p+\^\ 2 u +N - p+D 2 N u+ N - v+D N (i£,' ■ u' + + D N u +N ) = 0 
< p-Xu-j + p-\(,'\ 2 U-j — p-D 2 N u-j + i^ji f_ = 0 
P-Xu-n + P-\£'\ 2 u-n — P-Dn^-n + Dntt- = 0 
■ u'_ + DjyU-N = 0 

subject to the interface condition: 


for xn > 0, 
for xn > 0, 
for xn < 0, 
for xn < 0, 
for xn < 0, 


t |— /^+(-HjvK-m f ) | + — 0, 

(2/. i_DnU-n — 7r_)|_ = —a-A 2 H( 0), 

(2p + D N u_ N + (y+ - p+)(i£ ■ u'+ + Dn‘u+n)\+ = -a+A 2 H( 0), 

fl— m\— ^+m | + = hmi 0) 


( 3 . 2 ) 


( 3 . 3 ) 


where Dn = d/dxN and it;' ■ v' = for v = (^ 1 , ■.., vn-i,vn)- Here and in the sequel, j also 

runs from 1 through N — 1. Applying the divergence to the first and second equations in EH, we have 
p+Adiv u + — (p+ + v +)Adiv u + = 0 in R+ and Ap_ = 0 in R^C, so that 

(p+A — (p + + ^ + )A)(p + A — p + A)u + = 0 in R+, (p_A — A)Au_ = 0 in R^. 

Thus, the characteristic roots of EH are 

A+ = \J p+(p+ + v+)~ 1 X + A 2 , B± = y/ p±(p±) _1 A + A 2 , A = |£'|. (3.4) 

To state our solution formulas of problem: EH- EH, we introduce some classes of multipliers. 
Definition 3.1. Let 0 < e < 7 t/2, Ao > 0, and let s be a real number. Set 

S e ,Ao = {(A, a I A = 7 + iT G U e , Ao , ? = (a, •. •, Zn-i) € R^- 1 \ {0}}. 

Let m(A,£') be a function defined on E £iAo . 

(1) m(A, £') is called a multiplier of order s with type 1 if for any multi-index n' = («q,..., kn- i) € 
N^ 1 and (A, £') G E e , Ao there exists a constant C K > depending on n'. e, p±, v+ and p± such that 
there holds the estimates: 

|^/m(A,OI <C , a'(|A| 1/2 +i4)-l'‘'l, |^;(r^(A,0)l<^'(|A| 1/2 +A)H-'l. 
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( 3 . 5 ) 










(2) m( A, f) is called a multiplier of order s with type 2 if for any multi-index k' = (sq, ..., kn-i ) £ 
and (A,£') £ S e ,A 0 there exists a constant C K i depending on k' , e, p±, v + , and p± such that 
there holds the estimates: 

\d^m(X,f)\ < C k '(|A| 1/2 + A) S A~^'^, \dg(r^(\, 0)1 < C«'(|A| 1/2 + AfA^'V (3.6) 


Let M s>i (Ao) be the set of all multipliers of order s with type i (i = 1, 2). 

Obviously, M Sji (Ao) are vector spaces on C and for 0 < Ao < Ai, M Sii (Ao) 3 M Sii (Ai). Moreover, by 
the fact: 11A|- 1 / 2 -f H| _ l“ I < A~^ a I and the Leibniz rule, we have the following lemma immediately. 

Lemma 3.2. Let si, S 2 be two real numbers. Then, the following three assertions hold. 

(1) Given nrii £ M Sii i(Ao) ( i = 1,2), we have miTO 2 £ M Sl+S2 ,i(Ao). 

(2) Given lj £ M Sij i(Ao) (i = 1,2), we have t\l 2 £ M Si+S2i 2 (Ao). 

(3) Given ni £ M Sii 2 (Ao) (i = 1,2), we have n\H 2 £ M Si+S2i 2 (Ao)- 

Remark 3.3. (1) We see easily that if £ ( j = 1,..., N — 1), so that A 2 £ M 2j i( 0). On the 

other hand, A £ Mi i2 (0) and A -1 £ M^i i 2 (0). Especially, if/A £ M o ,2(0). 

(2) M Sj i(Ao) C M s>2 (Ao) for any s £ M. and Ao > 0. 

In this section, first of all we show the following solution formulas for problem (13.2D - (13.3I) : 


u+J = J2 


Ujk’ u 




N-l 


'Jki 


P- = e 


_ pA-XN 


k=l 


k=l 


Axn { 'y ( 

m= 1 




N-l 

' T \ o± 


L J1 = AM±(X N ) j 2^ Rjm,O h m{0) + ARjn. 

m= 1 
N-l 


,o^(0)} 


(3.7) 


= Ae* B ±*"{Y l Sf mi _ 1 h m (0)+ASf Ni _ 1 H{0)} 


A 3 


m=l 

= e TB±XN T± 0 hj (0) 


^N, 3 — 0 


with 


Rjm ,0 ^ Mo, 2 ( 0 ), £ Mo, 2 ( 0 ), sf m _ 1 £ M_ 1i2 (0), Sf N ^ £ M_ 1i2 (0) 

Tj ~-1 € M_i4(0), tK £ M o ,i(0), p m l £ Mi !2 (0), p N 1 £ Mi i2 (0). 


(3.8) 


Here and in the sequel, J runs from 1 through N. Recall that j and m run from 1 through N — 1, 
respectively. Moreover, M±{xn ) denote the Stokes kernels defined by 


M+( x N ) = 


d — B+Xn _ p — A+XN 


M-(x n ) = 


e B-x n _ £ Ax t , 


(3.9) 


^Axa 


(3.10) 


B+-A+ ’ v ' B-- A 

In the sequel, we prove (1371) . We look for solutions u±j and p- to problem: dSUD - (HOl) of the forms: 

u+j = a +J {e- B + XN - e ~ A+XN ) + f3 + je~ B+XN , 
u-j = a-j(e B ~ XN - e AxN ) + /3-je B ~ XN , p- = 7 _e J 
Using the symbols B± , we write (331) as follows: 

p+B+u+j - fj, + D%u + j - v + if(if ■ u' + + D n u +n ) = 0 
p+B\u +N - p+D 2 N u +N - v + D N (if ■ u' + + D n u + n ) = 0 
-j 


P-B^ii-j — )i-D 2 N u-j + if, jit- = 0 
P-B^u-n — p-D 2 N u -n + Dntt- = 0 
if ■ u'_ + DnU-n = 0 


(x N 

> 

0), 

(x N 

> 

0), 

(x N 

< 

0), 

(x N 

< 

0), 

(x N 

< 

0). 


(3.11) 
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Substituting the formulas of u±j into (13.111) and equating the coefficients of e TB±XN , e A + XN and e AxN , 
we have 


H+{Al - B\)a +3 + v + i£j(i€' ■ a' + - A + a +N ) = 0, 

H+{A 2 + - B 2 + )a +N - v + A+{i£ t ' ■ a' + - A + a +N ) = 0, 

■ ot+ ~ u+ N B+ + i£' ■ P' + - P +n B+ = 0, 

H-(A 2 — B^_)a-j + i£jj- = 0, /i_(A 2 — B 2 _)o.-n + A'y- = 0, 

■ ol_ + cx—nB— + • p’_ + [3—nB _ = 0, i£' ■ a'_ + Ach—n = 0. (3.12) 

First, we represent ■ a' ± , a±N and q_ by i£' ■ (3± and P±n- It follows from (13.121) that 


' = A + B+-A* W ' P ' + ~ B+P+n) ' 

i? • ol_ = • PL + B-P- N ), 


7- = 


^— (A + B —) 

A 


(i? • PL + 


a + w 

Ot-N 


A 


+ 


A+B+ - A 2 
-1 


(if-PL-B+t3 +n ), 


B- — A 


(ie-PL+B-0- N ), 


(3.13) 


Substituting the relations: 

u±j(0) = P±j, D n u +j ( 0) = (A + ~ B + )a + j - B + /3 + j, D n u-j(Q) = (B-— A)a-j + B-/3-J 
into (liOl) . we have 
P+m ~ P—m h m (0), 

/r_(_ ((I? 4 - A+)ct:+m '^m/^+ 7 V) "F — ((H— A)ot— rn 4 - ) — 0, 

2 n-((B- - A)a-N + B_P_ n ) - 7 _ = -a_A 2 IJ(0), 

2m+((-®+ — 4l+)a+iv + .B+/3 +jv) + (i / 4_ — /z+)(— it; ■ p' + + (B + — A + )a+N + B+P+n) = a+A~H(0). 

(3.14) 


Using (13.131) and (13.141) . we have 


with 


0 — LL(iC ■ PL) + U 11 (i£ / • P'_) + L+ 2 P +n + L 12 P_n, 
—&-A 3 H(0) = L 21 i? ■ PL + L 22 P_ n , 

-a+A 2 H( 0 ) = -L+g • p' + - L+ 2 p +N 


T+ _ ,, + 

^11 — M+ 


^(B 2 - A 2 ) 


-^12 — M+ 


i/ 2 i — 2/x+ 


A+5+-A 2 ’ 
A 2 (2A+B+ - A 2 - B 2 + ) 
A+B+ - A 2 ’ 
A + (B+ - 71+) 


-^22 — (M+ + V +) 


A+B+ - A 2 

B + {A\-A 2 ) 


A+ — A 2 

- [y+ - v+)- 


A+B+ - A 2 ' 


Bn = f 1 -(A + B_), 
I'll = H-A(B- — A), 
I j 2i = — A), 

1 22 = V-{A + B-)B- 


(3.15) 


A+B+ - A 2 ’ 

As is seen in Sect. 4, we have 
L+.L+G M m ( 0), L+eM 2jl (0), L 21 g M Oj i(0), l 
Using i£' ■ p' + = i£! ■ PL — i£' ■ h'{ 0), we write the linear equation (13.151) in the following form: 


(3.16) 


ID -^21 G M 1j2 (0), Li 2 ,L 22 GM 2j2 (0). (3.17) 



L+iiC • h'( 0) \ 

fill + -^n 

T + 
^12 

^12\ 


-a_A 3 F(0) 

with L = L 21 

0 

^22 

(3.18) 

a+A 2 I7(0) - L+i? ■ h'(0)J 

\ I'Ll 

O 

1 
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Moreover, we have 


with 


L- 1 = 


det L 


'11 

£12 

£l3\ 

'21 

£22 

CO 

01 

£) 

'31 

£32 

£33/ 



II 

CO 



11 

CO 

01 


(3.19) 


= L22L2 2, £12 = —L22L12, 

C-21 = ~L^iLi22i £22 = ^21^12? *-23 — 1J Y2 1J 21 ~ V^ll T ±J l\) 1J 22i 

C-3\ = -^22-^21 1 £32 = (i'll “I” i'll)i'22 — i 12-^21 1 i-33 = — i'12-i'21' 

By (13.171) and Lemma 13.21 we have 

£11 € M 3j2 (0), £12 £ M 3l2 (0), £i 3 £ M 4 , 2 (0) 

£»i € M 2i2 (0), Ci2 £ M 2 , 2 (0), £i 3 £ M 3 , 2 (0) (i = 2,3). 

The most important fact of this paper is that det L / 0 for any (A, £') £ £ ej o and 

(det£) _1 £ M_4 i2 (0). 

From (13.181) and (13.191) it follows that 

A 


(3.20) 

(3.21) 


i£ ■ p'_ = 


det L 
A 


{(£n£+ - £i 3 £+K' ■ ti(0) - (£i 2 a_A 2 + C 13 <t+A)H(0)}, 


(3.22) 


P+n — — •^ 2 3i v 2l)*^ , ‘ h'(0) — (C 22 C-A + £ 23 a + A)£T(0)}, 

/3-iv = ^{(£ 31 L& - 'C 33 L+)*|' • h'( 0) - (£ 32 a_Al 2 + £ 33 a + 7l)P(0)} 

where • fc'(0) = i 5Zm=i £m^4 _1 im(0) with k = g and k = h. Using the relations: P +m = f3- m — h m (0), 
by (13.221) . we have 


N-l 


i£ ■ P'± T B ± (3 ±n = A{J2 p m,o^.(0) + ^,o^(0)} 


(3.23) 


with 


A 


m= 1 


P ™’° = dib {(£n “ B+C21 ^ - ( £l3 " 'B+'C 23 )£ 2 + i)}^ - ^ 

P/v.o = det L^^ 12 — -S+-^22 )o’_A + (£i 3 — U + £ 23 )cr + }, 

= dic {(£l1 + B - C ^ L ti ~ + B-£ 33 )£+i)}^, 

p- = -iL 

Ar ’° det £ 


{(£12 + 5 _£ 32 )(t_A + (£i 3 + -B-£ 33 )o+}. 


By Lemma EO (13.171) . and (13.211) . we have 

i’m.o e m o,2(0), P± 0 £ Mo i2 (0). 

By (13.131) we have 

P-O**) = • PL + B_p_ N )e Ax > 


(3.24) 


— — fi— (A + _£?_ 


N-l 

){J2 p ™M°)+ ap n, o^(o) }< 


Ate 


m=l 


so that setting p m 1 = — /z_(A + P_)P m 0 and p N ± = —fi_(A + B_)P N 0 , we have the formula of P-(xn) 
in (13.71) . 
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By (13.121) . we have 


(B+ - A + )a +j = ' a '+ ~ A + a +N), 

( B + ~ A + )a +N = + b + ) ^' ’ “+ ~ A+a+N ^ 

(B- - A)a-j = -^(*£' ' P- + B-/3- jv), (£_ - ^)a_jv = -(*£' • + S_/3_tv). 


^2 _^ 4.2 _____ 

Since • a' + — A + a + N = A B J ^2 (»£' • /?+ — R+/3_at) as follows from (13.131) . setting A_ 

we have 

JV-l 

{B± — A±)a±j = A{ RjmA m ^ o-^(O)} 

m=l 


with 


A, by (13.231) 
(3.25) 


D+ 


MO P m,0 


A 2 - A 2 . 


/r + (2l + + .B+) A + B + — A 2 ’ 


0+ 

-H'jiV, 0 


E>+ 

iX /Vra,0 


v+ A + p X o 


A 2 -Al 


/- l +( A + + p +) ^+ p + — 4l 2 


A 


jm, 0 


= p+ 

^ m,0’ 




'sy/' 


• 0 ± JV,0 


A 2 - A 2 . 


/r + (2l + + R+) A + R + — A 2 


D+ 

■H'JVJVjO 


^+^+ P JV,0 


A 2 - A\ 


L l +( A + + p +) ^4+ p + — 2l 2 


*& r,- 


— — — P~ 

- ^ ^,1. 


E> + 

- rt ATra,0 


= -p. 


m,0’ 


P NN,0 ~ P N,0’ 


Recalling A_ = A, we have — e* A±XN )a±j = M±(xn)(B± — A±)a±j. Thus, if we set u^ x = 

AM±(x N )(J2mZi Rjm,ohrn(0) + Rj N1 H{0)), then = ct±j(e TB±XN - e* A±XN ). As is seen in Sect. 4 
below, we have 


A+eM M (0), B + 6 M u (0), (A+ + B+)- 1 gM_ m (o), —— 

which, combined with (13.241) . furnishes that Rj m 0 G Mo, 2 ( 0 ) and Rj N x 
and (13.261) . we have Rj m 0 G M o , 2 (0) and Rj N1 G Mi j2 (0). 

^,From (13.141) it follows that 


G Mo.i(0), (3.26) 

+ -A 2 

G Mi, 2 (0). And also, by (13.241) 


P±j 


P+B + + H-B- 


M 0) 


1 


P+R+ + /r_R_ 


{-M+( p + - ^)a+j - P-( p - 


A)a_j + *£,-/i+j8+jv - i^jH-P-n}- 


We set 

j.± _ 

- 7,0 P+B+ + H-B- 

and in view of (13.251) and (13.221) we set 

^ ±m ’- 1 = fl+B+ + [l.B. {^+ R tm,0 + V-Rjm,0 

^+^■(^ 21-^11 — ^ 23-^21 ) (£ 31-^11 — ^ 33 ^ 2l ) 

detL A det L A / 

5pv ’- 1 = M + p + + P- p - ( / " +jRpV ’° + M_1j7jv ’° 

H+i£j(jC,22V-A + £ 23 ^+) _ fJ,-i£j{C 3 2a- A + C 33 <t+) \ 

det L det L / ’ 

Thus, if we set zt± = ^ _i^m(0) + ASfx^HiO)} and uf 3 = e* B ± XN T± 0 hj( 0)), 

then we have j3±je^ B±XN = uf 2 + V-%■ Moreover, by (13.171) . (13.201) . (13.211) . (13.241) . (13.261) . we have 
Sf m -1 G M_i j2 (0), Sf N _ 1 G M_i | 2 (0), and lf Q G M o ,i(0). 
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C+ — 

£-2\B{\ — £23^21 


C+ 

°ATAT ,-1 

det L 

A ’ 

q- — 

£.31 £n — £33 £21 




det L 

A ’ 

^ATAT,-! 


Finally, in view of (13.221) . we define u% 2 = Ae TB±XN {Xm=i + AS^ N _ 1 H( 0)} with 

— (C 22 G-A + £ 23 (7+) 

det L 

— {£■ 32 ®-A + £ 330 ") 

det L 

Thus, we have u^ r2 = f3±ue TB±XN . Morevoer, by (13.1711 . (13.211) and (I3.2HI) . we have S^ m _i G M_ 1 i 2 (0) 
and S^ N _ 1 £ M_i > i(0). Summing up, we have obtained (13.71) and (13.81) . 

To prove Theorem 12.81 we consider problem (12. 41) . namely problem m with H = 0. To construct 
our solution operator from the solution formulas in (13.71) with H = 0, first of all we observe the following 
formulas due to Volevich: 

/*=boo ^ _ 

a(€', %N)h( 0) = — / {(djva)^', xn + yN)h{VN ) + xn + Vn)} dyN , 

Jo 

where dj = d/d Xj. Using the identity: 1 = — J2k=i , we write 


/*=boo 

a(g,x N )h(£', 0) = - / a(£/,x N + y N ) 

Jo 


p±\ 1 / 2 d N h .(£', y N J_ _ i£kdkd N h{g, y N ) 


P±B± 


fe =1 


5± 


dyN 


C±oo 


(9Ara)(^',xjv + 2 /jv) 


P±A/i(£', 2 /at) _ d k d k h(C,y N ) 


P±B± 


k=l 


B 2 ± 


dyN- 


Let / 3 , / 4 = (/ 41 , • ■ • ,/ 4 Ar) and / 5 = {f 5 jK | •/, K = 1,...,TV) be the correspoding variables to A/i, 
A 1 / 2 V/i and V 2 h = (djdxh \ J, K = 1,..., AT). If we define Af [a](/ 3 , / 4 , /s) by 


fit OO 


^[aK/3,/4,/5) = - / a(£',a;jv + 2 /jv 


/o 

f ±00 


P±Un(^',Vn) _ y^ 1 iJikhkN{£',V n) 


P±B± 


k=1 
N -1 




} dyw 


f^°° t- i\ fa , \ f P±h{£ iVn) hkk{£',yN) fi , 

J f [( 5 jva)(^ ,XJV + yjv)| — -2^-52-/J dyjv ’ 


(3.27) 


fc =1 


then we have 


JU 1 [a(^,a: J v)^ , ,0)] = A±[a](A/i, A 1/2 V/i, V 2 /i). 


(3.28) 

Let us define (i = 1, 2,3) and p_ by u (i = 1, 2,3) and p_ = with H = 0. 

Setting uj± = ^ i=1 u^, by (13.71) we see that u± = ( u\± , ... ,Un± ) and p_ satisfy the equations (12.41) . 
According to the formulas (13.271) and (13.281) . we define our solution operators (A) (i = 1,2,3) and 
U_ 2 (A) of problem (12.41) such that 

11 % = <S^(A)(Ah, A 1/2 Vh, V 2 h) on R^ (i = 1,2,3), 
p - = P_ 2 (A)(Ah, A 1/2 Vh, V 2 h) on R^ 

with h = (hi,..., JiN—i) as follows: Note that 

d N M±(x N + y N ) = T ( e ±B A x "+y») + A±M±(x N + y N )), d N e A ^ XN+VN) = Ae A{xN+VN \ 

Q Ne TB±{x N +y N ) _ =p 7 J_j_e q r B ±(- XN +VN) 


(3.29) 


(3.30) 


where we have set A_ = A. Let F 3 = (F 3m \ m = 1,...,TV — 1), F 4 = (F 4 j m | J = 1 ,N,m = 

I, ..., N — 1) and F 5 = ( F 5 jKm | •/, K = 1,..., TV, m = 1,..., TV — 1) be the corresponding variables to 
Ah = (A/ 11 , ■ ■ ■, A/ijv-i), A 1 / 2 Vh = (X 1 J 2 djh m \ J = 1,... ,N,m = 1,... ,N — 1) and V 2 h = ( djd K h m \ 

J, K = 1,..., TV, to = 1,..., TV — 1), respectively. Then, we define the operators S±(A), <Sj 2 (A), Sf 3 (A), 
and V- 2 W by 

Sf 1 (X)(F 3 ,F A ,F 5 ) = 
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[ ±00 -r-l\ \T\r I I \ V"^ p (ft S y'' A ,,./ n\ 

/ Jy [^AM±(a.jv + y Af) 2^ ^-7^- ^4ATm(? ,2Mr) - 2^ -7^2- L^bkNm (s ,2/Ar) J 

"'° m=l ' M± ± fe =1 ± 


m= 1 

AT-1 . o± A/-1 

AM±(x^ + y^v) E ( - ± J ^2 F 3m (^, y N ) - E 

m=l ^ t± ± fe=l 


T 


fc=i 

Ar_1 


Jm,0 


Bl 


- 5 kkm 


(£',2/iv)) 


AT —1 n± 

it, 


E ( Jm R2 ± ^3m(e , ,y j v) - E 

m=l M± ± fc=l ± 

: 2 (A )(f 3 ,f 4 ,f 5 ) = 

/•±oo r iV-1 c>± „ \l/2 iV_1 S’ 1 * 1 if, , 

/ J-- E h Nm {^y N ) E 

•'o L m =l V V ±B ± k =1 B ± 7 


AT—1 o± 

T Ae* s± ^ +W > E ( Jm 'g F3 m (?,VN) ~ E 


JV - 1 S± 


^i V ^± S ± 


fc=l 


Jm,-1 

/i± 


F 5 kkm{£! iUn)) ( x')dyN ; 


5±(A)(F 3 ,F 4 ,F 5 ) = 


E lj §r L hkN 3 ^^N) 


± 


■ y±&± 
'TjnP± 


k= 1 

TV—1 /y i_L 


^ fi±B ± ^ 3j ^' ,yAf ) - ^ ( x ') d yN> 


*:=i 


F± 


5± 3 (A)(F3,F 4 ,F 5 )=0 
F -2 (A) (F 3 , F 4 , F 5 ) = 

A^—i - \ 1/2 AT-1 

\ 2E ^2 ^4ATm 2^ £}2 ^5kNm{^ ,yN 

~ fc= 1 


r 0 r -JV-1 /T) - „ \ 1/2 

pJ 4(x N +y N ) / \ ' f Vm,lP- A 


Pm^l'i'^k 


m= 1 
N-l 


+ E( ^E 2 ~ E g 2 tl -^ 5 fcfcm(^ / , 2 /Af))| ( x')dy N . (3.31) 

—1 P — 7„_1 — 


m=l 


fc=l 


Obviously, by (|3.28|h we have (|3.29f) . 

Given that operators Al± 2 (A) are defined by *4± 2 (A)F' = C^ii(A)F r , ■ ■ ■, (A)F') with F' = 

(F 3 ,F 4 ,F 5 ), by (13.291) we have 


u± = At 2 (A)(Ah, A 1/2 Vh, V 2 h), p_ = F_ 2 (A)(Ah, A 1/2 Vh, V 2 h). 
Moreover, we have Theorem 12.81 with the help of the following two lemmas: 


(3.32) 


Lemma 3.4. Let 1 < q < oo and let , n£ and be multipliers belonging to M-i^O), M_ 2 , 2 ( 0 ) 
and M_i i i(0), respectively. Let Kf ( i = 1,2,3) be operators defined by 

pOO 

K?(\)g= / Tf^ln^iX^^AM+ixN + y N )g{£ ,Vn)\(x') dy N: 

Jo 

poo 

K+(\)g= / F P 7 1 [n+(A,C , )Ale- B +^ + ^^(r,2/iv)](cr')d2/iv, 

Jo 

poo 

K+(\)g= / ^[ni{\ae- B+{XN+VN) g^,yNW)dy N . 

J 0 

Then, there exists a constant C such that 

^■c(L q (Rf),L q (K.f) l + N + N2 )0(. T ^T) G\K+ (A) | A £ A}) < C (£ = 0,1, i = 1,2,3). 
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Lemma 3.5. Let 1 < q < oo and let n 1 , n 2 , n 3 and n 4 be multipliers belonging to M_i j 2 (0), M_2,2(0), 
M_i i i(0) and Mo. 2 ( 0 ), respectively. Let Kf ( i = 1,2,3,4) be operators defined by 

K iWa= / ^'[ n i {X,£')AM_(x N + y N )g(^',y N )](x')dy N , 



V K" (A, 0 Ae B ~ (*"+»")$(£', y N )]( x ') dy N , 
^>3 (A : Oe B - {XN+VN) g(t;\yN)}(x')dy N , 

T-Mn 4 (X,ae MxN+yN) 9(e,y N )}(x')dy N . 


Then, there exists a constant C such that 

^£(L,,(R^),L,,(R^) 1 + N + N2 )({( r ^ T )^ A ^ V "i M I ^ ^ A}) < C (£ = 0 , 1 , i = 1,2,3), 
^'£(L,(R^),L,(R^) iv )({( T| 9i-) <! ^ 7 -^4 W I ^ € A}) < C [t = 0, 1). 

Remark 3.6. Lemma T3.41 was proved in 3] Sect. 2] and Lemrne f5~5l was proved in (2]. 


4 Some estimates of several multipliers 


In this section, we prove (13.1711 and (13.261) . For this purpose, we use the following well-known estimate: 

\a\ + /3\ > (sin|)(a|A| +/3) (4.1) 

for any A £ S e and positive numbers a and /?. 

First we estimate A^_, B±, ( A + +B + ) s and (p + B + + p_B_) s . For this purpose, we use the estimates: 

c(|A| 1/2 +A) <ReMi < |Mi| <c'(|A| 1/2 +A) (M 1 = A+, B±) (4.2) 

for any (A, £') 6 S e = E e x (l ^' 1 \ {0}) with some positive constants c and c', which immediately follows 
from (ED- Here and in the sequel, c and c' denote some positive constants essentially depending on 
p± and e. In particular, by (14.21) we have 

c(\X\ 1/2 + A) < ReM 2 < \M 2 \ < c'dAI 1 / 2 + A) (M 2 = A+ + B +, p+B+ + y.B.) (4.3) 

for any (A,£') £E E £i0 - As was seen in Enomoto and Shibata [2, Lemma 4.3], using (14.2D . (14.31) and the 
Bell formula: 


I'd I 


3 f -/(?O=L/ W (5(0) 


Wt 


Kl>i 


rc 


,'MXg(a)---(d^g(a) 


(4.4) 


with suitable coefficients T”, K ,, where f^\t) = d e f(t)/dt e , we see that 


(¥ 3 )* £ M Sj i(0) (A /3 — A + , B + , A + + B +1 y+B + + p._R_). 
Second, we estimate (A + B + — A 2 ) -1 . For this purpose, we write 


1 


(/■*+ +v+)h+ 


p(x,e) withP(A,o = 


A_/i 


+ -D + 


A 2 


A + P + — A 2 p + (2/r + + ^+)A 
Noting that A 2 € M 2 ,i(0), by (14.11) . (14.41) and (14.51) we have 


p+( 2/U-f. + i / +) X A + A 2 


(4.5) 


(4.6) 


A+P+ + A 2 £ M 2 j i(0), (p+(2/k+ + zx+) 1 A + A 2 ) s e M 2 Si i(0), (4-7) 
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so that by Lemma 13.21 we have 


p e Mq.i(o). 


(4.8) 


Since A 2 — A 2 + = p+(p+ + v+)~~ 1 \, by (14.61) and (14.81) . we have A+B+ ^ A i G M 0 j(0), which, combined 
with (14. 51) . furnishes (13.261) . 

Applying (14.61) to the formula in (13.161) . we have 


r+ p+(p++v+) A „ 

L ll ~ -1- 

2/i + + v+ 

L + = ( 2 ^+ v + A + 


T -T — 

^12 — 


2 - 


P+ + "+ 


P+A 2 (- 9 , 

V 2/i+ + V -(_ 

M+(^+ 


P 


V 2/i + + z/-|_ 5_|_ + t 4_|_ 2/i+ + / 


r + - 
-^22 — 


/i+(/r+ + ^ + ) 
2/x+ +iaj_ 


(4.9) 


P+P 


By Lemma HIT?! (13.161) . (14.51) . (14.81) and (14.91) . we have L A G M u (0), P+ 2 G M 2 ,i(0), G M Oi i(0) 
and P ^2 S Mi i i(0). In addition, since A G Mi^(O) and P_ G by Lemma 13.21 we have 

A ± P_ G Mi i 2 (0) and (A + P_)P_ G M 2j 2 (0). Summing up, we have proved (13.171) . 


5 Analysis of Lopatinski determinant 

In this section, we show the following lemma which implies (13.211) . 

Lemma 5.1. Let L be the matrix defined in (13.181) . Then, there exists a positive constant to depending 
solely on p,±, v+, p±, and e such that 


| detP| > w(|A| 1 - /2 + A) 4 


(5.1) 


for any (A,£') G £ e ,o- 
Moreover , we have 


l¥{(rd T )VetL)- 1 }| <C«'(|A| 1 / 2 + A)- 4 A-I k 'I (£ = 0,1) 


for any multi-index k' G Nj^ 1 and (A, £') G £ e ,o- Namely, (detP) 1 G M_4 ]2 (0). 


Proof. We see that 


det L = L 00 det L + + Lf 0 det L 


(5.2) 


(5.3) 


/' j+ \ 

with L± = det (A 1 r ± ) • To prove EH), first we consider the case: PilAf/ 2 < A with large 
\P 2 i + 22 / 

Pi > 1. Let P be the function defined in (14.61) . By (14.61) we see easily that P = 2 + 0(<5i), that 
A + = A(1 + 0(<5i)) and that B± = A(1 + 0(<5i)) when | p+(p+ -\-v + )~ 1 \A~ 2 \ < p+{p+ + u + )~ 1 Rf 2 < 6 2 
and \p±p± 1 AA _2 | < p±p,±Rf 2 < <5 2 with very small positive number A Thus, by (14.91) we have 


L+ = ^±ilf±±f+l a(i + ofa)), L+ 2 = 2 ^+ )2 A 2 (l + 0(6i)), 


2[i+ + 

2(^+) 2 


L21 ~ 2p + + v + 


(1 + 0(6!)), 


T + 

-^22 — 


2/i_|_ + V-\- 
‘ 2 P+(p+ + V+) 


A(l + 0(<5i)). 


2/i + + z/_|_ 

On the other hand, we have B _ — A = Mo _|^_ A + a) = -AO(Ji), so that by (|3.16|) we have 

Pn = 2/x_A(l + 0(5i)), P 12 = A 2 0(6i), 


(5.4) 


P 2 i _ AO(<5i), 


L 22 = 2p_A 2 (1 + 0(6!)). 


(5.5) 


Thus, by (15.31) we have 


det L = wiA 4 (1 + O(Ji)) with wi 


8j»+P-(p+W + P-(p+ + ^+)) 

2/i_|_ + 


(5.6) 
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so that we can choose R\ > 1 so large that 

|detL| > i Wl (|A| 1 / 2 + J 4) 4 (5.7) 

for any (A, £') G E Cj0 with |Al 1 / 2 < A. 

Secondly, we consider the case: R 2 A < \X \ 1 ^ 2 with large R 2 > 1. In this case, we have 

A+ = (p+ + + 5)- 1 / 2 ( 7 o+A) 1 / 2 (1 + 0(S 2 )), B± = (m±)” 1/2 (7o±A) 1/2 (1 + 0(S 2 )) (5.8) 

when | (p + + v + )(p + X)~ 1 A 2 \ < (p + + + <5i)p+ 1 7?^" 2 < 8 2 and \p±(p±X)~ 1 A 2 \ < pp^R 2 2 < 8 2 with 

some very small positive number 82 - By (13.161) 

Lti = (^+P+A) 1/2 (1 + 0(S 2 )) Lt 2 = 0(5 2 ) A 

7-+ ^+) ^ M+ ) iy + M+)/^+ | r^(x \\ r+ (( 1 A \\l/2/ , i 1 r^(Si w 

L21 — -7-7-7175-(1 + 0(82)), L 22 — ((/z+ + ^ + )p + A) 7 (1 + 0(82)) 

(/i+ + J/ H U7 ^ 

= (^-P-A) 1/2 (l + d(^)) 

L 21 = (p_p_X) 1 / 2 (l + 0(8 2 )), 

Thus, by (15.31) we have 

| det L\ = w 2 |A| 2 (1 + 0(<5 2 )) with to 2 = p 1 / 2 (p + + v + ) 1 / 2 p + p_ + p 1 / 2 (p + + V+) 1 / 2 p+ 2 p 3 J 2 , (5.10) 


L 12 — 0 ( 82 ) A 

L 22 = P+ X(l + 0(S 2 )) (5.9) 


so that we can choose R 2 > 1 so large that 

| det L\ > ~w 2 (|A| 1,/2 + A) 4 (5.11) 

for any (A, £') G E Cj0 with R 2 A < |A| x / 2 . 

Thirdly, we consider the case: 1Al 1 / 2 < A < |A| 1//2 . Set 

\ — ^ 1 ^ 

= (| Al 1 / 2 + A) 2 ’ = |A| 4 / 2 + A’ 

i+ = ^ p+(/i+ + ^+) -1 A + A 2 , B± = \J p±(p±)~ l X + A 2 , 

B e (R 1 ,R 2 ) = {(A, A) | (l + l?i)- 2 < |A| <i? 2 (l + i? 2 ) 2 , (1 + R 2)- 1 < A < R^l + R^- 1 , A G £J. 


If (A, £') satisfies the condition: 1? 2 1 |A| 1 / 2 < A < .Ri|A| X A 2 and A G £ e , then (A, A) G D e (Ri, R 2 ). 
Note that A ^ 0 when (A, A) G D e (Ri, R 2 ). We define Zy by replacing A+, A and B± by A + , A 
and B± in (13.161) . respectively. And the matrix Z is defined by replacing LZ by ZZ in (13.181) . Setting 
det L = L 11 L 22 — AL 12 L 21 , we have 

deti = (|A| 1/2 + A) 4 detZ. (5.12) 

We prove that detZ ^ 0 provided that (A, A) G D t {Ri 1 R 2 ) by contradiction. Suppose that detZ = 0. 
By (15.121) detL = 0, so that in view of (13.181) there exist w±j and p- of the forms: vj±j{xn) = 
a±j(e TB±XN — e^ A±XN ) + /3±je TB±XN and p~{x n) = y_e Axjv with A_ = A such that w±(xjv ) = 
(w±i(xjv), ■ ■ ■ ,w±jv(xn)) A (0, ...,0), and w± (a; at) andp_(a.’iv) satisfy (13.21) and (13.31) with h m ( 0) =0 
and H{ 0) = 0, that is they satisfy the following homogeneous equations: 


N-l 

p+Xiu+j - ^2 p + i^ m {i^jW +m + i£ m w+j) - p+d N (i£jW +N + d N w +j ) 

m= 1 

- {v + - p + )i£j(i£' ■ w' + + d N w +N ) = 0 
N—l 

p + Xw +N - ^2 p+iim{dNW +m + i^ m w +N ) - 2p + d 2 N w +N 

m=1 


for xn > 0, 
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— (is + - n + )dN{i£,' ■ w' + + 8nw+n ) = 0 for xn > 0, 

N—l 

P-Xw-j - Y + i£ m w-j) - p,-d N (it;jW- N + d N Wj) + i£jP- = 0 for x N < 0, 

m=1 
N—l 

P-Xw- N - Y P-iim{dNW-m + l^mW-N) ~ 2p_d^W- N + d N p- = 0 for X N < 0, 

m=1 

it ■ w'_ + Onuj-n = 0 for xn < 0, 

P- (d N w-j + i£jW-)\- - p + (d N w +j +i£,jw+ jv)| + = 0 , 

{2p_d N w- N -p -)|- - ( 2p + d N w +N + (v+ - p.+)(ig ■ w' + + d N w +N )\ + = 0. (5.13) 

Set (a, b)± = ± / 0 ±O ° a(xN)b(xN ) dx n and ||a||± = (a, a)± 2 ■ Multiplying the equations in (15.1311 by w±j 
and using the integration by parts and the jarnp conditions in (15.131) . we have 

N N N-l N-l 

0 = A (p+ Y \\w+m\\ 2 +P- Y W W -™\\ 2 ) + H+[ Y W^ kW +i 11+ + \H' ' w +ll+ + Y W d N w +j\\ + 

m=1 m=l j,k=l j=1 

N-l N-l N-l 

+ Y (i£,j w +N,d N W +N ) + + Y W i tj w +N\\1 + Y(d N W +j ,^W +N ) + + 2||djyW + Ar|| + ] 
i=i i=i j= 1 

+ (v+ -M+)[||^' -10+11+ + {d N w +N ,ig -iu+)+ + (*£' ■w' + ,d N w +N )+ + ||dArw+Jv||+] 

N-l N-l 

+ V-IY II^-jII- + IK£' • w '-\\- + Y 

j,k= 1 j=1 

JV -1 JV -1 JV -1 

+ Y (‘i£j w -N, d^w-N)- + Y, IK&w-jvII^. + Y ( OnW-j , i£jW- jy)_ + 2||9jvw_jv||?_] 
i=i j = 1 j=i 

JV -1 JV -1 

= A(7o+||w+||+ +7o-||^-||-) +M+[ 51 ll*6= w +jll + + ll*£' •«'+ll+ + Y \\ d NW +j + i$,jW +N \\l 

j,k=l 1=1 

+ 2||«9jvw+jv||+] + (^+ - p+)\\d N w +N + i£' ■ w' + \\ 2 + 

N-l N-l 

+ P-[ Y Wi&w-jWt + ||*£' • w'-\\ 2 - + Y W dNW -i +<j w -jv||- + 2||<9j V W-jv|| 2 _]- (5.14) 

j,fc=i i=i 

Taking the real part and the imaginary part in (15.141) . using the inequality: 

JV -1 

Y ll< 7 w +fcll+ + ll*£' • w +ll+ + 2 ||dArw + jv||+ > 2(||i£' -w' + \\ 2 + + ||9jv'a , +jv||+) > ||<9jvw +Ar + if • w+|| + , 

i,fc=i 

and setting K = p + ||w+|| + + p_||w_||?_ and L = ||9atw+jv + i£' ■ w +ll+ for short, we have 

(Im X)K = 0, 0 > (ReA)iC + v+L. (5.15) 

When ImA y^ 0, obviously w± = 0 which leads to a contradiction. When ImA = 0, A > 0 and A ^ 0, 
because A £ £ e . By (15.151) we have L = 0, because v + > 0. Thus, by (|5.14D we have 

8nw±n = 0, dNU>±j + i^jW±N = 0 on (5.16) 

where R + = (0,oo) and = (—oo,0). By the first equation of (15.161) . w±n{xn) are constants on K 1 * 1 , 
but w±n{xn) -> 0 as ±xn -+ oo, so that w±n = 0. Thus, by the second equation of (15.161) we have 
dNW±j(xN ) = 0 on l^. But, w±j(xn) —> 0 as ±jcjv —> oo, so that w±j(xn) = 0. Thus, we have w± = 0 
when ImA = 0, which leads to a contradiciton. Therefore, we have detL 0 for (A,A) G D e (Ri, R 2 ). 
Since D e (R\ 1 R 2 ) is compact, we have 

inf | det L\ = c > 0, 

(\,A)eD e (R 1 ,R 2 ) 
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which, combined with (15.121) . furnishes that 

| det L\ > c(| A| 1//2 + A) 4 (5-17) 

provided that 1Al 1 / 2 < A < .Ri|A| 1//2 and A G E e . Setting w = min(c, |cj 2 ), by (15.71) . (15.111) and 

(15.171) . we have EH- 

Next, we prove & Recalling (13.171) and the formula (15.31) . by Lemma HO we have 

|^;{(r5 r ) £ detL}|<C K /(|A| 1 / 2 +A) 4 A-l K 'l (£ = 0,1) (5.18) 

for any multi-index k' G and (A, £') G E £ ,o- Thus, by the Bell formula (14.41) with /(f) = 1/t and 

g(£') = detL, (15.181) and (15.11) . we have 

l*'[ 

|a?,'(det L)- 1 ) < C*. 1 det L|- (£+1) (|A| 1/2 + A) Ae A ~\ K 'I < C^flAI 1 / 2 + A)" 4 A-I K 'I ) 

r=i 

which shows (E2D with £ = 0. Analogously, we have (15.21) with £ = 1, which completes the proof of 
Lemma 15.11 □ 

6 Problem with surface tension and height function 

In this section, we consider the problem: 

p+Au + — DivS + (u + ) =0 in R+, 

p_Au_ — Div S_(u_) + V7r_ = 0, divu^=0 in K^, 

P—^mN (u—) | — fr^_D m 7v (u+) j_|_ — 0, 

(p-D NN (u-) - 7T_)|_ = cr_A 'H, 

(H + D nn (u + ) + (v + - /r + )divu+)|+ = a+A’H, 

'll — m\ — r£-|_ m |_j- — 0, 

A H -(——— U- N |_-——u+Ar| + S )=d, (6.1) 

^P--P+ P--P+ J 

where, cr± = p P± ^ p+ ? an d prove the following theorem. 

Theorem 6.1. Let 1 < q < 00 and 0 < e < 7r/2. Then, there exist a Ao > 0 depending solely 
on p±, v + , p± and e and operator families U±( A) G Hol(E £iAo ,^(W^M^), W 2 (R±)' !V )), V-^{\) G 
Hol(E £iAo ,/:(IT 2 (K JV ),IT g 1 (K(!))) and H{\) G Hol(E £jAo , C(W 2 {R N ), Wjf(R N ))) such that for any A G 
E £jAo and d G W 2 (R N ), problem (l6Tl) admits a unique solutions u± = U±(\)d, 7 r_ = V-%{\)d and 
H = TL(X)d, and 

'^'C(Wq(M. N ),L q (R ] f) N + N2 + N3 ) (i) (£7 a££±(A)) I A G E £jAo }) <7 (£ = 0,1), 
^•£(W r |(R JV ),L,(R") iv )({( r ^T) £ (^ 7 ^ :, - 3 (A)) | A G E £jAo }) <7 (£ = 0,1), 

^(w^(r-),l,(r»)^ 1 ) ({K) < ((A> V)^(A)) | A G E £ , Ao }) < 7 (£ = 0,1) 

with some constant 7 depending solely on g,±, v+, p± and e. 

Remark 6.2. Combining Theorem 16.11 with Theorem 12.41 Theorem 12.61 and Theorem 12.81 we have 
Theorem 12.21 immediately. 

As was discussed in Sect.3, applying the partial Fourier transform to m , we have the equations 
(13.111) with interface condition: 

{ P— (T^iV d—m 4“ i^m d —TV ) | — p+ (D]\jU—m T i^rn ll— n) | -}- — 0, 

(2p_D N U- N -7r-)|- = -a-A 2 H(0), 

(2p + D N u- N + (v + - p+)(i£' ■ u’ + + D n u + n )\+ = —a + A 2 H(0), 

h—m\— H+rri | + = 0 
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and the the resolvent equation for H: 


\H{0)-( —-- U-n |-- ——u + at| + ) = d(0). (6.3) 

V--P+ p--p+ J 

We look for solutions u±j and p- of the form m with hj = 0, so that especially ujy 3 = 0. Our task 
is to represent H in terms of d( 0). In view of (13.101) . we have u±j( 0) = j3±, so that by (13.221) with 
hj( 0 ) = 0 , we have 


P+N — — , T (C 22 CT-A 2 + C 23 (7+A)H (0), 
det L 

0-n = ~ dctL (C 32 v-A 2 + C 33 a+A)H(0). 


(6.4) 


Inserting these formulas into (16.31) . we have 


(A + K)H{ 0) = d{ 0) 


(6.5) 


with 


K = 


A 3 / p-cr~ 
det £ V p_ — p + 


P-~ P+ J 


We prove that 


A 2 ( P-CT+ r P+CT+ r 

j . T l -*-33-*-23 

det L \ p_ — p + p_ — p + 


( 6 . 6 ) 


Lemma 6.3. Let 0 < e < 7 r /2 and let K be the function defined in (16.61) . Then, there exists a positive 
constant Aq depending on e, p±, v + and p± such that 


\d^((rd T Y(X + It)- 1 )! < O k /(|A| + Al)- 1 A1-I K 'I (t = 0,1) ( 6 . 7 ) 

for any multi-index n' G and (A, £') G with some constant C K i depending on n', Ao, e, p±, 

v + and p±. 

Proof. To prove (EZD with n' = 0 and £ = 0, first we consider the case where i?i |A| 1//2 < A with large R\. 
In the following, <5i is the same small number as in the proof of Lemma 1 5. II We know the asymptotic 
formula for det L given in On the other hand, by m, (E3 and (13.191) . we have 


£32 — (L11 


I'n)I '22 L12L21 

{ 44 + + -+) + + + 0(4i)) 

l V 2p + + v + ' 2/i+ + V 2 At+ + 1 / 4 -J J 

4 M+((/*+ +P-)v+ +P+P-) ,2 


2 ^-|_ + V+ 

£22 = £21 £32 = A 2 0(5 1 ), 

£23 = Li 2 i 2 i ~ (lii £n)£ 


£33 
11^22 


2 /i+ + v+ 

A 2 (l + 0(6 1 )), 

= —L+ 2 L 2 i = A 3 0(5\), 


J P+(P+ + W) + ) A 3 (1 + 0{5i)) 

\ 2p + + v + J 


Since 


P±°± 

P--P+ 

. 3 ( P~ a ~ 


( p±a ) , we have 
\p--p+J ’ 

p+cr_ 


"P- ~ P+ 


£32 — 


£ 


P- - P+ 


22 


^(^-£33 

V- - P+ 


P+&+ 
P- - P+ 



= w 3 A 5 (1 + 0(5i)) 


with 


U3 = 4 p + ((p + + p-)y + + p + p-) f p- y + j i* + (n + + v + ) + \ j P+ 

2p + + v + V p_ — p + J V 2p + + v+ / \p- — p+J 


Thus, by (15.61) we have 


K = —A(l + 0(<5r)). 

Wl 


( 6 . 8 ) 
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Since A G £ e , by (16.81) and (14.11) we have 


|A + K\ > (sin i)(|A| + — A) - ^A0{6{). 

2 uji uj\ 

If we choose 6\ so small that 0(<5i) < \ sin we have 

|A + K\ > sin ^)(|A| + —A) (6.9) 

Z Z 

provided that |A| 1</2 < A with large R\ > 0 and A € E e . 

Next, we consider the case where A < Ri\\\ 1 ^ 2 . By (15.11) we have 

| det.L| -1 < w _1 (l + i?i) 4 |A| 2 (6.10) 

for any (A, £') G E £i0 provided that A < .Ri|A| 1 / 2 . On the other hand, by (14.11) and (14.61) . we have 

C(|A|+A1 2 ) 




(sin f)(p+(2/x+ + ^+)“ 1 |A| + A 2 


< C. 


( 6 . 11 ) 


Here and in the sequel, C denotes a generic constant depending on R\, v+, p± and e. By (16.111) and 

m , we have 

l^rl < C-IAI 1 / 2 , |L+|<C|A|, \L+\<C, \L+ 2 \ < C\\\^ 2 . (6.12) 

Moreover, by the definition of given in (13.161) we have easily 

l^ril < C'lAI 1 / 2 , |ir 2 l<C|A|, \L 21 \ < C'lAI 1 / 2 , \L7 22 \<C\X\, 

which, combined with (16.101) and (16.121) . furnishes that 

|if| < C'lAI 172 (6.13) 

for any (A, £') G S £i o provided that A < JSi|Al 1 / 2 . Thus, we have |A + K\ > |A| 1 / 2 (|Al 1 / 2 — C), so that 
choosing Ao > 0 so large that C\ l J 2 < 1/2, we have |A + K\ > A|A| for any (A,£') G E £i a 0 provided that 
A < R^Xl 1 ' 2 . Since A < Ri\\\ 1/2 , we observe that 

1 /2 

|A + K\ > —|A| + -|A| > — |A| + —^— |Al 1 / 2 > — (|A| + A 1 J~R 1 X A). 


i / o -i 

Choosing R\ > 0 so large that A 0 R x < we have 


|A + K\ > — (|A| H— -A) 

4 UJ i 


(6.14) 


for any (A, £') G £ £j o provided that A < AilAj 1 / 2 . Since E £j a 0 C S £ , combining (16.91) and (16.141) . we have 

|A + K | > W4(|A| + A ) (6.15) 

for any (A, £') G E £ ,a 0 with w 4 = min(i, § sin f, | sin f ^). 

Next, we prove (16.71) for any multi-index k' G Nq 1 . By (13.171) , (13.211) and Lemma 13.21 we have 
I\ G IVEi 2 (0), so that by Bell’s formula (14.41) with f(t) = (A +1) -1 and g = A', we have 

l*'l 

|0£,'(A + K)- 1 ] < C K > J2\ x + if|- (m) (|A| 1/2 + A)*A ~ |K '! < C re '(|A| + A)~ l A~ l"'l. 

t=i 

Analogously, we have 

|^ , (ra T (A + if)- 1 )| <^(|A|+A)- 1 A-I«'I. 

Summing up, we have obtained (16.71) . This completes the proof of Lemma 16.31 


□ 
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By (16.51) and Lemma ITTTTT1 we have 


H(( , ,0) = {X + K)~ 1 d^,0), 


(6.16) 


so that we define H(£',xn) by H(£',Xn) = e C l + a ’ 2 ) 1/2x n (y _|_ x) 1 d(^',0). We have the following 
lemma. 

Lemma 6.4. . Let 1 < q < oo, 0 < e < 7t/2 and let Ao be the same constant as in Lemma, 1 6 . .4 Given 
that the operator'H(X) is defined by 

[H(X)d\(x) = J' 5 7 1 [e- (1+j42)1/2a:jv (A + ir) _1 d(£'>0)](a;') for x G 

for any d G W*(R N ), U{ A) G Hol(£ e , Ao , £(lf, 2 (l w ), W 9 3 (R^))), and 


with some constantly depending on p±, v+, p±, e and Aq. 


SfeLj 1 we rewrite H(X)d as follows: 


U{X)d = FI 


-l 


rp -(l+A 2 ) 1/2 i N 


A + K 


-d(?, 0 ) 


,o° 

rg“ (l+A 2 ) 1 / 2 (tCiV+yiv) _ -| 

L Y 1 

(A + K)(l + A 2 ) 


N—1 /*oo 

E/ V 


e -(i+A ) I (x N +VN)(i£ k ) 


fe =1 


(A + itT)(l + A 2 ) 


> _r g e -(l + -4 2 ) 1/2 (®J 

L <9z/iv A + Jf 


d k d N d(£',y N ) ( x')dy N 


R^ 

(6.17) 

0,1) 

(6.18) 

i+A 2 

1 

i+A 2 

— i+A 2 

d(f , 3/iv) 

dyw 


OO (i+A 2 ) 1/2 (sjv+i/iv) 


nOO 

L 

JO 


0 « L(A + Jv)(l + A 2 ) 1 / 2 


(1-A ’)d(f',y N )) ( x')dy N 


(6.19) 


for xn > 0. 

To prove the 1Z boundedness of the operator family {"H(A) | A G £ £iAo }, we prepare the following 
three lemmas. 

Lemma 6.5. Let 1 < q < oo and let £(£') be a C°° function defined on R^” 1 satisfying the estimates: 

\d^m\<cAi+Af-^'\ 

for any multi-index k' G and £' G \ {0}. Let T be the operator defined by 

n OO 

Tf = / F7, 1 [e _(1+A2 ) 1/2 ( XJV +wv ^(£')/(£', yjv) {x')dy N 

Jo J 

forfeL q ( R*f). T/ien, TG£(L,(Rf)). 

Proof. If we define a function fc(x) by fc(x) = F7, 1 [e~ ( P +A2 ' >1/2xN we have 


P7](a0 = / / k(x'-y',x N +y N )f(y\y N )dy'dy N . 

JO Jrn-1 

Our task is to prove that 

|fc(x)| < C\x\~ N . 

In fact, if we have (16.201) . then by Young’s inequality we have 


( 6 . 20 ) 


||[T/](-,xjv)||l 9 (rjv-i) < / \\k{-,x N +y N )\\ Ll ^ R N-i ) \\f(-,y N )\\ L ^ R N-i ) dy N . 
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By (16.201) , we have ||A;(-,arjv + yjv)||£i(R*-i) < C(x N + y N ) 1 , so that 

\\f(-,yN)\\L q (RK~i) 


ll[T/](-,x JV )|U 9 ( RN -i)<C 


Xn + UN 


dy N - 


By the Hardy inequality (cf. Stein (K :j p.271 A.3]), we have || 7 1 /||l 5 (r^) < C||/||l 9 (r^)- Thus, we have 

proved T G £(L q (R+)). 

To prove (16.201) . first we observe that 

*(*) = E (r^r / ( 6 . 21 ) 

[ a >\=N-l JRN - 1 


For any multi-index /3' G 1 , we have 

\df, {{d$e-( x+A ^ in t(0)}\ < C a ,^e- c «'^^+A 2 Y /2 XN( l + A y-\c*'\-\P'\ 

= C a '^e- c ‘> l -f> l{l + A 2 ) 1 , 2 *x( l + A) 2 - N -\ p '\ 
with some positive constants C a '^i and c a ' t p>. Since 2 — N < 0, we have 

l^'{(^'e“ (1+A2)1/2 ^(^))}| < C al ^e- c -',f>'^+A 2 ) 1/2 x NA 2 -n-\p'\ 
for any multi-index ft' G N^ _1 . Thus, by the result due to Shibata and Shimizu mi, we have 

[ e ix '^'d?!{e~^ l+A2)1/2xN ^’)) df < c\x'\- {N - 1+(2 - N) = C\x'\~ l , 

J R»-i 

which, combined with (16.211) . furnishes that 

|fc(x)| < C\x'\~ N . 

On the other hand, 

\k{x)\< ( e~ il+A2)1/2xN \£^')\df'<c[ e ~( 1+A ^ 1/2xN (l + A) d? 

J R N — 1 JRW- 1 

d£ 


< C 


< 


c 


R iv-i ((i + A 2 y/ 2 x N ) N jrn-i 

c 


C / e~ AxN Ad £' 


fOO r N -2 


■ dr 


[ e 1 77 \rf\ dy' < 

J r»-i 


C 


( 6 . 22 ) 


(x n ) n J 0 (l+r 2 )f {xn) n J r»-i IM ' {xn) n ’ 

which, combined with (16.221) . furnishes (16.201) . This completes the proof of Lemma 1^751 □ 

The following lemma was proved in Enomoto-Shibata [2] 

Lemma 6.6. Let 1 < q < oo and let A be a subset of C. Let m(A,£') be a function defined on 
A x (R w_1 \ {0}) such that for any multi-index a G there exists a constant C a / depending on a' and 
A such that 

\dfm(\,0\<C a A-\ a '\ (6.23) 

for any (A, £') G A x (R w_1 \ {0}). Let K\ be an operator defined by K\f = J 7 ^ 1 [m(A, £')f{C)\- Then, 
the set {K\ | A G A} is IZ-bounded on ^(L^K^ 1 )) and 


'R'C(l„(k. n - 1 )){{K\ I A G A}) < C q jv max C a 

with some constant C qt N that depends solely on q and N. 

From the definition of 1Z boundedness we have the following lemma immediately. 


(6.24) 
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Lemma 6.7. Let 1 < q < oo and let A be a subset of C. Let {5a | A G A} be an 1Z bounded operator 
family on C(L q { R™^ 1 ) and T a bounded linear operator in £(L q (M.+ )). Then, {S\T \ A £ A} is an 
IZ-bounded operator family on C(L q ( Rf)) and 

~R-c(Lq( r^))(( < 5a'L | A G A}) < 7£(5A)||r||£( i(i ( R iV)) (6.25) 


where we have set 1Z(S\) = ^l 9 (rw-i)({5a | A G A} for short. 

Under these preparations, we finish proving Lemma |6. 41 For any multi-index a £ Nf with |a| < 2, 
using (16.1911 . we write 


3 “(A,V)W(A)d = - / TL 


ve-( 1+A r' ( XN +y»n a (C) (A, if, -(1 + A 2 ) 1 / 2 ) 


(1 + A 2 ) 


(A + K) 


dNd(f,y N ) ( x')dy N 


+ E r^-r e - (1+ " 2)1/2( ^ +w) (^)^(0 (A,*r,-(i + ^ 2 ) 1/2 ) 


/c=l * 
/•oo 




(1 + A 2 ) (A + AT) 

! r e -( 1 + A2 ) 1/2 ( a: ^+^)£ a (^) (A, if, -(1 + A 2 ) 1 / 2 ) 


dkdNd(f, pn) (x') dpN 


(1 - A ')d(f, y N ) (x') dy N 


(1 + A 2 ) 1 / 2 (A + K) 

where l a {f) is an symbol satisfying the estimate: 

|d^ tt (f)|<C K ,(l + A)H-l-'l 

for any multi-index n' £ N^ _1 . If we define the operators 5 a, T“, Tff, and Tg by 


[5 Aff ](x') = .F- 


— 1 


(A^.-d + AW. 1 


K7 ](*) = / -7 


(A + if) 

g-( 1 +Al 2 ) 1 / 2 (a-jv+i/w)£ a (^') „ 


(1 + A 2 ) 


/(£'>2/Jv) {x')dy N , 


[T 2 a J}(x) = / 

Jo 

f’ OO 

P?/](*) = / ^ 


°° rp—(!+A 2 ) 1 / 2 (iE.!V+lW) 


(*£fc)4«(f) 


(1+A 2 ) 

e -( 1 +- 4 2 ) 1/2 (®JV+J/w)£ a (^) „ ^ 


/(£',2Mr) {x')dy N , 


(1 + A 2 )U 2 


Kf,VN) (x')dy N 


for G L q (R JV ' 1 ) and / G L g (R?), then, we have 


JV-l 


a“(A, v)?i(A)d = - 5 aI?*(M + ^ s x T? k (d k d N d) + 5 a t 3 “((i - a ')d). 


k =1 


Since 


l+({Ap)l < C.,(l + A)H-2-|.'l, ISji'jMMjd C«.(l + A)W-‘-l-'l, 


17%tfjv5) l - C “' <1 + /,)l ° 1 " 1 "'"' 1 ’ 


(6.26) 


for any multi-index G 1 with some constant C K i, by Lemma [6.51 Tf. Tf k and Tg are bounded 
linear operators from L q (Mf_) into itself. By Lemma T6.31 we have 

l^:((ra T ) < (A,t ^’ ( ~ ( |^ 2)1/2) )l < c k , a-w {1 = 0,1), 

so that by Lemma 16+1 (rd^YS\ {l = 0,1) are 1Z bounded operator families on L q ( R N_1 ) and 

^(l 9 ( R -- 1 ))({(t9 t )"5a | A G E £i a 0 }) <7 (£ = 0,1) 

with some constant 7 depending solely on p±, p±, e and Ao-Thus, Lemma |6.4I follows from Lemma 

16.71 immediately. This completes the proof of Lemma 16.41 □ 
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By using the Lions method, we extend R(X)d to Xn < 0. Namely, we define H( A) by 

PWQWli 1 ( XN > °) 

' \E-=i a Am)d}(x',-j x N ) (xjv < 0 ) 

where dj are constants satisfying the equations: Ej=i a j(~j) k = 1 for k = 0,1, 2,3. By Lemma ITT~T1 we 
have the following corollary of Lemma 16.41 immediately. 

Corollary 6 . 8 . Let 1 < q < oo, 0 < e < n/2 and let Xq be the same constant as in Lemma 1 6. !A Then, 
there exists an operator family TL{ A) G Ho1(E £i a 0 , £(W'^(R Ar ), such that for any X £ £ £i a 0 and 

d £ Wg(R N ), Tf, 1 


d(£, 0 ) 

A+A' 


(a/) = 'H(X)d\ XN = 0 and 

T^c(w^(s. n ),w^(r n ) 1 + n ){{{ t 9t) £ {X,'V)'H(X) | A £ E £j a 0 }) <7 (^ = 0,1) 
with some constant 7 depending on p±, v + , p±, e and Ao- 

Next, we give a solution operator of ED for velocity field. By ED and ED, we have 


AR 


AS, 


u±j = AM±(x n ) IN f d(0) + Ae JJV ’ ^ (O), p- = e 


Axi 


X + K 


X + K 


. ^Pn, 1 
X + K 


d( 0 ). 


Employing the same argument as in (13.271) and (13.281) and using (13.301) and the identity: 1 = = 

T + a ? 2 ^fc=1 1+A 2 1 we nave 


aa=tj(a:) [^=ta(£ , a:jv)](a:) 

/*±oo 




AR^ 

d N (AM±(x N + y N ) ‘ ,N T '° d{f,y N )) ( x')dy N 


7»±0O 


EE 


/»±oo 




N-l 


d N (Ae TB±{ - XN+VN) 

AM±(xn + yjv)| 
± 


X + K 
AS ± 


JN -1 


A + AT 


d(C:VN)) (x')dy N 


A 7?=*= 

^^JN, 0 \ 

-Oat«(4 , 2/jv) 


(A + A')(l + A 2 ) 


<n \ A ±AR jno 

~ 77 1 1 —y ^dkUNd(f ,2/jv) + 


fe=i 

7*±QO 


(A + AT)(1 + A 2 ) 


(A + A')(l + A 2 ) 


(1 - A')d(£', y N ) \ ( x')dy N 


f 00 r 

/ ^4gTB ± (a; N +i/w) ) 


T- 


AKjn, 0 


■(1 _ A')d(£', yjv) 


^,r 


dNd(f,yN) 


(A + A')(l + A 2 ) ' (A + A')(l + A 2 ) 

^ ASf N (i£ k ) - , B±ASf N .-. , p , 

- 77 1 tA/i , A2 ^ d k d N d{f ,y N ) + ^ : ; ^ (1 - A')d(£ ,yw)jj (a: )dj/jv 


fc= 1 

Analogously, we have 
r o 


(A + AT)(1 + A 2 ) 


(A + A')(l + A 2 ) 


p~(x) = J Jj , 1 e ^iv+ 2 /iv) ^^ |(i _ A ')d(f',y N ) - ^ <9fcdArd(£',ZMr)} {x')dy N . 


By (13.81) . (14.51) . Lemma I7TTTT1 and (16.261) with a = 0, we have 


Pn, 1 _ , «• / \ \ AR JN0 (ifk) 


A + A' 


G Af 0 , 2 (Aq), 




AKjn,o 


(A + AT)(1 + A 2 ) ’ (A + K){ 1 + A 2 ) £ M ~ 1 ’ 2(A ° ) ’ 
AS JNt _i(i£k) B±AS JN _ l 




(6.27) 


(A + A')(l + A 2 ) ’ (A + A')(l + A 2 ) ’ (A + A')(l + A 2 ) ’ (A + A')(l + A 2 ) 


G M_ 2 , 2 (Ao). 
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In fact, by Leibniz’s rule we have 


■ / A + ARj N0 

1 «' V(A + /0(1 + A 2 ) 


)i 


<C Q 


\M 1/2 + A A~\ a '\. 


(|A| + A)(l + A) 


Since (|A| + A)(l + A) = |A| + |A|A + A + A 2 > ^(|A| 1/2 + A) 2 , we have ( A+ ± Ar )( 1 J +A° 2 ) e m -i, 2 (A 0 ). 
Analogously, we have other assertions in (16.271) . Therefore, by Lemma HOI Lemma 1531 and Corollarv l6.8l 
we have Theorem 16. 11 which completes the proof of Theorem ^. 21 


7 A proof of theorem 11.11 

First, we transfer problem (11.41) . (11.101) and (11.61) to the zero intial data case. Let e At be the operator 
defined by e At f = J 7 ^ 1 [e - ( 1+ ^ 2 ) 1/2 * CF[/](£)]. Here and in the sequel, ^ r [/](C) and J 7-1 denote the 
Fourier transform / on R w and the inverse transform of <?(£) defind by 


e~ ix <f{x)dx, F- l [g{t)] = (2ir)- N [ e™<g {£) df, 

respectively. Since 


\\[d t e At f](;t)\\L q{ ^) < Ct-'e-^Wfh^, 
\\[dt.e At f]{-,t)\\L q («. N ) < C'e - 4 / 2 1 |/||wi(rjv), 
l|[e A V](-,i)lk,( R -)<C'e- t / 2 ||/|| L5( ^ ) 


for 1 < q < oo and t > 0, employing the same real interpolation argument as in the proof of Theorem 
3.9 in 43; . we have 

\\dte M /||l p ((0,oo),L 9 (R n )) + \\ eAt f\\L p ((0,oo),Wi(S. N )) < C|l/ll_Bg7 1/p (R N )‘ 

Thus, setting / = e At H 0 , we have J| t= o = H 0 in l w , and 

ll^t-^1ll/ p ((0,oo),Wq (R-^)) + l|-f||i p ((0,oo),tVg 3 (R JV )) < C\\H 0 || b 3-i/p( RJV ) > ( 7 -l) 

where 1 < p, q < oo. On the other hand, let Uq± be the extension of Uo± to R A such that Uo± = Uq± on 
R^ and 


II ^j2(l — l/p) — ^~'ll 11 ^2(1 —l/p) 


(7.2) 


Setting 

v± = e _(1_A)t u 0± = 1 [e _(1+l€|2) *J"[uo±](^)], 

obviously we see that v-t| t= o = u o± in and moreover by the same real interpolation argument in 
the proof of Theorem 3.9 in m, we have 


ll^t v ±||L p ((0,oo)L,(R iv )) + II v ±IIl p ((0,oo),IV|(R n )) < C'|l u 0± || b 2 (i-i/ p ) (R W). 

Setting u± = v± + w± and H = I + J in (ED and (11.101) . we have 

p* + (9 t w + - Div S* + (w + ) = f + in R+ x (0, T) 

Px-dtW- - Div S*_(w_) + Vp_ = f_, div w_ = / div = divf div in R A x (0,T) 
g *- Di jv(w_)|_ - n* + D iN ( w + )| + = g t (i = 1,..., N - 1) 


P*- 


-A 'J 


{g*-D N at(w_) -p-)\- = 

P* — 

(/x*+ZbvAr(w + ) + (z/* + - /x* + )divw+I)| + = 


P* — 


P P* + 


in R a x (0,T), 
in Rq x (0,T), 

-A'J + g N+1 in R A x (0, T), 


(7.3) 
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W-i\- - w +i \+ = hi (i = l,...,N-1) in R^ x (0,T), 

d t J ~ (-—- W- N \- - — - W+NI+) = d in x (0 ,T), 

\ P*— P*-\- P*— P*-\~ ' 

w ±|t=o = 0 in R±, J| t=0 = 0 in R w (7.4) 

with 


f+ = f+ (p*+d t v + - Div S*+(v+)), f_ = f_ - (p*_d t v_ - Div S»_(v_)) + Vg N , 

P- = 7T_ + g N , gN = - — - (aA'Hi + g N - p*+g N+ i) - /r*_ Avjv(v_), 

P* — P*+ 

/div — /div div V_ , fdiv — fdiv V— , 

9i=9~- (/z*-Ajv(v_)|_ - /x*+A jv(v+)|+) (* = 1,.. N- 1), 

g N+ i = -—- (crA'H + g N - p*_g N+ i) - (/x* + A vat( v +) + (i/*+ - p,*+)div v+)| + ), 

P*— P*~\~ 

H~ = h-- (v_*|_ - w+»|+) (i = 1 ,..N - 1), 

d = d + ( - — -- — -v+at|+) ■ 

\ P*— P*-\~ P*— P*-\~ 

Setting 

= ll f +IL p ((0,t),L 9 (R^)) + ll f -|L p ((0,t),I,,(R^)) + II/div IL p ((0,i),Wi(R*)) + 11/div 11 ip ((0,*), VKq" 1 ) 

N+l 

+ 11A fdiv lli p ((0,T),L 9 (R^)) + (llvdlipitO,*),^^^)) + ll l9 tffi|lL p ((0,t),W- 1 (R JV ))) 

i =1 

JV-1 

+ (ll^illi P ((0,t),W2(R w )) + l|5t/j||L p ((0,t),L 9 (R JV ))) + IMIIi p ((0,i),W (J 2 (R iv ))}i 

3 =1 

by (ED and ED we have 

F p , g (i) < C¥ Piq (t) for any t G (0,T). (7.5) 

B y <EID 

/div |i=0 = 0, fdiv |t=0 = o, 3i|t=0 = 0, ftj|t=0 = 0 (7-6) 

for i = 1,..., N — 1 and N+l, and j = 1,..., N — 1. Given function / defined on (0, T ), the extension 
operator E t f is defined by 


[EtflM 


/o(-,s) -OO <s<t, 

/o(-,2t - s) t < s < oo, 


(7.7) 


where /o is the zero extension of / to (—oo, 0), that is /o(-, s) = /(•, s) for 0 < s < t and / 0 (-, s) = 0 for 
—oo < s < 0. Obviously, [E t f](-, s) = 0 for s qL [0, 2 1\. Moreover, if /|t=o = 0, then 


ds[E t f\(;s) 


{ 0 —oo < s < 0, 

d s f(-,s) 0 < s <t, 

-(d s f)(-,2t-s) t<s<2t, 

0 2 1 < s < oo. 


(7.8) 


Instead of El, we consider the equations: 

p*+d t w + - DivS* + (w + ) = f + in R+ x R 

p^-dt'W- — DivS*_(w_) + Vp_ = iL, divw_ = /di v = divfdiv in R^ x R 
/x*_Ajv(w_)|_ - p,* + D m (w + )\ + = gt (i = 1) in R^ x R, 
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in 


p*— 


-A 'J 


(h*-D nn (w_) -p-)\- = 

P * — P* + 

(g* + D NN (w+) + (zz*+ - /x* + )div w+I)|+ = 


P* — 


P *— P* + 


-A'J + g N+1 in 


»N 


pN 


w-i\- - w +i \+ = hi (i = l,...,N — l) 
P*~ I P* + 


dtJ- 


(; 




-™+iv|+ 


= d 


in Rj^ x 

td>N .. 


K P*~ P* + P*— P* + 

Let £ and £ _1 be the Laplace transform with respect to t and its inverse transform defined by 

/ OO -1 /*00 

e~ Xt f{-,t)dt, Cr l \g(-,X)](t) = — J e xt g{j + iT)dT 


(7.9) 


with A = 7 + it £ C. If we denote the Fourier transform with respect to t and its inverse transform by 
F t and F~ x , then we have £[/](•, A) = J r t [e _7t /](' r ) and C~ 1 [<?(•, A)](£) = e yt F~ 1 [g(-,'y + ir)](t). Let 
-d±(A), 'P-(A) and H{ A) be 7?.-bounded solution operators of problem (12.11) given in Theorem 12.21 If we 
apply the Laplace transform with respect to t to urn then we have the generalized resolvent equation 
(12.11) with 

f ±=C[E t i±\, f-=C[E t k iv], f_ =C[E t ~f div ], 

9m = C[E t g m \, 9n = 0, 9n~ j-i = £\Et9N+ i]? h m = £{Eth m ]. 


Thus, setting 

w± = £- 1 [-4±(A)G a ], p_ =£~ 1 [iP_(A)G A ], J = £" 1 [H(A)G a )] 

with 


G a ={C[Eti+\, C[EtL\, A^/Wdiv ], V£[£ t / div ], XC[E t i div ], 

A 1/2 C[E t g }, VC[Et g], XC[E t h ], A 1 // 2 V£[£’ t h], V 2 £[F; t h]), 

where g = (< 71 ,..., §n-i, 0, <bv) and h = (hi, ..., hw- 1 ), we see that w±, p- and J satisfy the equations 
(EH and the estimate 

£7 < G{||e 7t S t f + || ip(Rii9 ( R N)) + ||e 7t (I?tf_, Ay 2 I? t /div , V£i t /div , 9 4 S t fdiv )||l p ( Ri l 9 ( R n)) 

+ ||e _ 7 t (Ay 2 F; t g, V 2 .E,h)|| Lp(R r (R *m}. (7.10) 


for any 7 > 70 with some constants C and 70 with the help of Weis’s operator valued Fourier multiplier 
theorem [T7] . where we have set A ^ 2 = £ _ 1 [A 1 ' /2 £[/]] and 


£7 = E H e ^(^w, ! A y 2 V w , ) V 2 w,)|| ip(RiL9(Rf) + ||e 7t Vp_||_ Lj)(Ri _ Lij(R iv )) 
i=± 

+ ||e 7 *(<9 t J, VJ)|| ip ( Rj w|(R N ))i 
and we have used the fact that 

(d t ,Ay 2 V,V 2 )w± =£- 1 [GlAl ± (A)G A ], Vp_ = £ _1 [V'P-.(A)G a ], (d t ,V)J = C^[G 2 x n( A)G a ], 
As was seen in Shibata and Shimizu we know that 
7l|e- 7 Vll Lp(K,L q (f2) — C'||e- 7t a t /|| i p (R,L,(n))i 

!iy /2 /lli p (R,L 9 (n)) < E{\\d t f\\ Lp ^ Wi - 1 (o)) + ll/llL P (M,wi(n)), (7-11) 

\\e~~ ,t d t f\\ Lp (R,L q (n)) + ||e _7f /l|ip(R,iv|(n)) < G||e _7t (9 t /, A 7/2 V/, V 2 /)||L p ( Rj L 9 (n)) (7.12) 

for any 7 > 70 with some constant C > 0, where fi = R± or = R N . Thus, combining (17.101) and (17.121) . 
we have 

£7 + E^ll e /fw ±ILp(R,L 5 (Rf)) + 7ll e 7 V|| ip ( Ri W (J 2 (R w )) < CMj (7.13) 

t=± 
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for any 7 > 70 with some constant C > 0 with 


•^7 — ll e 7 *^tfe|lL p (R,L 9 (Rf)) + ll e 7 t dtE t fdiv IliptR^yhR")) + ll e 7 *-®t/div ||l p (R,W 9 1 (R^)) 

e=± 

+ ||e lt d t E t fdiv IIl p (r,l 9 (r^)) + ll e 7t ^t^ , tSllL p (R,w^ 9 " 1 (R N )) + ll e 7t ^sll.L p (RYW'<r 1 ( RN )) 

+ ||e 7t 9 t £; t h|| ip(Rii?( Riv )) + ||e 7 *-Eth|| ip ( RVF 2 ( R iV)) 

for any 7 > 70 with some constant C > 0. Especially, it follows from (17.1311 and the fact that E t f 
vanishes for t < 0 that v± and J also vanish for t < 0. In fact, we observe that 

7 (II w +IIl p ((-oo, 0 ),L,(R^)) + ll w -|lL p ((-oo,0),L g (R(!)) + ll^llL p ((-oo,0),W r |(R N )) 

< 7 (||e 7i v + || ip ( RiLi? ( R Ar)) + ||e 7 *v_|| ip ( R>iii (RN)) + ||e 11 J\\l p (wl,w%(k. n )) < CMj < CM l0 

for any 7 > 70, so that letting 7 ->• 00 we have ||w ± || ip(( _ OOj0)ii<i( Riv ±)) = 0 and || J||l p ((-oo, 0 ),w|(r n )) = 
0, which implies that w± and J vanishe for t < 0. By the equation, we also have that Vp_ vanishes 
for t < 0. Summing up, we have seen that w± £ L p (0, 00 ), W q (R±)) fl W p ((0, 00 ), L q (®±)), p- e 
L p ((0, 00 ), W^(R^)) and J £ I/ p ((0, 00 ), fl W p ((0, 00 ), W% (Et^)), w±, p_ and J satisfy (17.41) 

with T = t, because E t f = f for t £ (0,t). Moreover, by (17.71) . (17.81) . and (17.131) . we have 

Ww±,p_, J)(i) < Ce^V p , q (t) < Ce^Fp^t). (7.14) 

Since the uniqueness follows from the existence of solutions to the dual problem, the equation CL1 
admits unique soltuions for (0,t). Especially, we can construct unique solutions of problem (17.41) for 
(0 ,T) and these solutions are also solutions of problem (17.41) with T = t for any 0 < t < T, so that by 
(17.141) we have completed the proof of Theorem 11.11 
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